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ABSTRACT
The Becchi-Rouet-Stora and Tyutin (BRST) transformation plays a crucial role in the quan-
tization of gauge theories. The BRST transformation is also very important tool in character-
izing the various renormalizable field theoretic models. The generalization of the usual BRST
transformation, by making the infinitesimal global parameter finite and field dependent, is com-
monly known as the finite field dependent BRST (FFBRST) transformation. In this thesis, we
have extended the FFBRST transformation in an auxiliary field formulation and have devel-
oped both on-shell and off-shell FF-anti-BRST transformations. The different aspects of such
transformation are studied in Batalin-Vilkovisky (BV) formulation. FFBRST transformation
has further been used to study the celebrated Gribov problem and to analyze the constrained
dynamics in gauge theories. A new finite field dependent symmetry (combination of FFBRST
and FF-anti-BRST) transformation has been invented. The FFBRST transformation is shown
useful in connection of first-class constrained theory to that of second-class also. Further, we
have applied the Batalin-Fradkin-Vilkovisky (BFV) technique to quantize a field theoretic model
in the Hamiltonian framework. The Hodge de Rham theorem for differential geometry has also
been studied in such context.
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Chapter 1
Introduction
Due to the lack of hard empirical data, symmetry principles have been proved to be the most
invaluable tools in describing physical phenomenon. Gauge field theories (based on the local
gauge invariance of the Lagrangian density of the theories) have enormous importance in de-
scribing all the fundamental interactions of nature and play the central role in understanding the
present state of the art of modern particle physics. The standard model of particle physics which
describes strong, weak and electromagnetic interactions on the same footing is a non-Abelian
gauge theory (Yang-Mills theory) [1].
However, one faces various problems to develop the quantum version of such theories with
local gauge invariance consistently. In particular, the generating functional, Z =
∫
DA ei
∫
d4xL,
for such gauge theories becomes ill-defined due to the over counting of physically equivalent
gauge configuration. This in turn leads to the ill-defined Green’s functions of these theories.
Therefore, it is necessary to eliminate the redundant degrees of freedom from the functional
integral representation of the generating functional Z. This can be achieved by adding a gauge
variant term, called as gauge-fixing term, to the Lagrangian density L of the theory. The
generating functional is made well-defined in the cost of the gauge symmetry. The gauge-fixing
was achieved by adding an extra term consisting of arbitrary function of the gauge field and
arbitrary gauge parameter. This of course solves the problem of over counting but the physical
theory now depends on arbitrary function of gauge field and/or arbitrary parameter which is
not desirable for any physical theory. Faddeev-Popov (FP) resolved this problem by introducing
unphysical ghost fields which are scalars but behave like Grassmannian [2]. These unphysical
fields compensate the effect of arbitrary function and in term preserves the unitarity of the
theory. Various difficulties in different situations occur due to the gauge non-invariance of the
theory; For example, the choices of the counter terms in the renormalization program in such
theories are no more restricted to the gauge invariant terms as the gauge invariance is broken.
C. Becchi, A. Rouet and R. Stora and independently I. V. Tyutin came to resolve the
situation by discovering a new symmetry of the FP effective theory known as BRST symmetry
[3, 4]. This BRST transformation is characterized by (i) infinitesimal, (ii) global (i.e. does
not depend on the space-time) and (iii) anticommuting parameter. Such BRST transformation
leaves the effective action, including gauge-fixing and ghost parts, invariant and is nilpotent
in nature. Sometimes the nilpotency is proved using equation of motion of one or more fields
then it is referred as on-shell nilpotent. However, BRST transformation can be made off-shell
nilpotent by introducing Nakanishi-Lautrup type auxiliary fields to the theory. BRST symmetry
is extremely useful in quantizing different gauge field theoretic models and the renormalization
program is greatly facilitated by the use of such symmetry [3, 4, 5, 6].
1
2To cover the wider class of gauge theories, including open or reducible gauge theories, a
powerful technique was introduced by I. A. Batalin and G. A. Vilkovisky [5, 6, 7, 8, 9], known
as field/antifield (or BV) formulation. The main idea of this formulation is to construct an
extended action by introducing the antifields for each fields in the theories. The antifields
satisfy the opposite statistics corresponding to that of fields and have the ghost number equal to
−gh(φ)−1, where gh(φ) is the ghost number of the fields. However, the extended action satisfies
the certain rich mathematical formula known as quantum master equation which reflects the
gauge symmetry in the zeroth order of antifields and in the first order of antifields it reflects the
nilpotency of BRST transformation. These extended theories work extremely well in the frame
of gauge theories which are always endowed with first-class constraints in the language of Dirac’s
constraints analysis [10, 11, 12, 13]. The systems with second-class constraints are quantized
by converting these to a first-class theory in an extended phase space [3, 10, 11, 12, 14]. This
procedure has been introduced by I. A. Batalin, E. S. Fradkin and I. V. Tyutin [15, 16] and
has been applied to the various models [17, 18, 19, 20, 21]. Another way of approaching the
problem, which is very different from the Dirac’s method, is the BFV (due to I. A. Batalin, E. S.
Fradkin and G. A. Vilkovisky) quantization [5, 22, 23]. The main features of BFV approach are
as follows: (I) it does not require closure off-shell of the gauge algebra and therefore does not
need an auxiliary fields, (II) this formalism relies on BRST transformation which is independent
of gauge-fixing condition and (III) it is also applicable to the first order Lagrangian. Hence it is
more general than the strict Lagrangian approach.
In all these approaches of studying gauge theories the main ingredient is the underlying
BRST symmetry of the FP effective theory. Therefore, any modification or reformulation or
generalization of BRST transformation is extremely important in the study of fundamental
interactions which are described by gauge theories. With various motivations and goals, BRST
transformation has been generalized in many different ways. M. Lavelle and D. Mcmullan had
found a generalized BRST symmetry adjoint to usual BRST symmetry in the case of QED which
is nonlocal and noncovariant [24]. The motivation behind the emergence of this symmetry was
to refine the characterization of physical states given by the BRST charge. Later, Z. Tang and
D. Finkelstein had found another generalized BRST symmetry which is nonlocal but covariant
[25]. Such a BRST symmetry is not nilpotent generally and additional conditions are required
in auxiliary field formulation to make them nilpotent. H. S. Yang and B. H. Lee had presented
a local and noncovariant BRST symmetry in the case of Abelian gauge theories [26]. Finite field
dependent BRST (FFBRST) transformation, where the parameter is finite and field dependent
but still anticommuting in nature, is the most important among the generalizations of BRST
symmetry which was developed by S. D. Joglekar and B. P. Mandal for the first time in 1995
[27]. They had shown that the usual infinitesimal, global BRST transformation can be integrated
out to construct the FFBRST transformation [27]. The parameter in such a transformation is
anticommuting, finite in nature, depends on the fields, and does not depend on space-time
explicitly. FFBRST transformation is also the symmetry of the effective theories and maintains
the on-shell nilpotency property. Moreover, FFBRST transformation is capable of connecting
the generating functionals of two different effective field theories with suitable choice of the
finite field dependent parameters [27]. For example, this transformation was used to connect
the FP effective action in Lorentz gauge with a gauge parameter λ to (i) the most general
BRST/anti-BRST symmetric action in Lorentz gauge [27], (ii) the FP effective action in axial
gauge [28, 29, 30, 31, 32], (iii) the FP effective action in Coulomb gauge [33], (iv) FP effective
3action with another distinct gauge parameter λ′ [27] and (v) the FP effective action in quadratic
gauge [27]. The FFBRST transformation was also used to connect the generating functionals
corresponding to different solutions of the quantum master equation in field/antifield formulation
[34]. The choice of the finite parameter is crucial in connecting different effective gauge theories
by means of the FFBRST transformation. The path integral measure in the expression of
generating functional is not invariant under FFBRST transformation. The nontrivial Jacobian
of such FFBRST transformation is the source for new results. The FFBRST formulation has
many applications [28, 29, 30, 31, 32, 35, 36, 37, 38, 39, 40, 41] on the gauge theories. A
correct prescription for the poles in the gauge field propagators in noncovariant gauges has
been derived by connecting effective theories in covariant gauges to the theories in noncovariant
gauges by using FFBRST transformation [37]. The divergent energy integrals in the Coulomb
gauge are regularized by modifying the time like propagator using FFBRST transformation [33].
The FFBRST transformation, which is discussed so far in literature, is only on-shell nilpotent
[27, 28, 29, 36].
In this thesis, we would like to address different issues of BRST transformation, its gen-
eralizations and applications to different gauge field theoretic models. We further generalize
the FFBRST transformation and find new applications. We develop the off-shell nilpotent FF-
BRST transformation by introducing a Nakinishi-Lautrup type auxiliary field and show that
such transformation is more elegant to use in certain specific cases [42]. The anti-BRST trans-
formation, where the role of ghost and antighost fields are interchanged with some coefficients,
does not play as fundamental role as BRST symmetry itself but it is a useful tool in geometrical
description [43] of BRST transformation, in the investigation of perturbative renormalization
[44]. We develop both the on-shell and off-shell nilpotent finite field dependent anti-BRST (FF-
anti-BRST) transformations for the first time which play similar role as FFBRST transformation
[42].
We study these transformations in the context of higher form gauge theories [45]. The gauge
theories of Abelian rank-2 antisymmetric tensor field play crucial role in studying the theory
for classical strings [46], vortex motion in an irrotational, incompressible fluid [10, 47] and the
dual formulation of the Abelian Higgs model [48, 49]. Abelian rank-2 antisymmetric tensor
fields are also very useful in studying supergravity multiplets [50], excited states in superstring
theories [51, 52] and anomaly cancellation in certain superstring theories. Geometrical aspects
of Abelian rank-2 antisymmetric tensor fields are studied in a U(1) gauge theory in loop space.
We extend the FFBRST formulation to study Abelian rank-2 tensor field theories. We establish
the connection between different effective 2-form gauge theories using the FFBRST and FF-anti-
BRST transformations. The FF-anti-BRST transformation plays similar role to connect different
effective theories. We further extend these FFBRST and FF-anti-BRST transformations to the
field/antifield formulation of 2-form gauge theory [45].
In non-Abelian gauge theories even after gauge-fixing the redundancy of gauge fields is not
completely removed in certain gauges for large gauge fields (Gribov problem) [53]. The Yang-
Mills (YM) theories in those gauges contain so-called Gribov copies. Gribov copies play a crucial
role in the infrared (IR) regime while it can be neglected in the perturbative ultraviolet (UV)
regime [53, 54, 55]. This topic has become very exciting currently due to the fact that color
confinement is closely related to the asymptotic behavior of the ghost and gluon propagators
in deep IR regime [56]. In order to resolve the Gribov problem, Gribov and Zwanziger (GZ)
proposed a theory, which restricts the domain of integration in the functional integral within
4the first Gribov horizon [54]. This restriction to first Gribov horizon is achieved by adding a
nonlocal term, commonly known as horizon term, to the YM action [54, 55, 57]. But the YM
action restricted in Gribov region (i.e. GZ action) does not exhibit the usual BRST invariance,
due to the presence of the nonlocal horizon term [58]. The famous Kugo-Ojima (KO) criterion
for color confinement [12] is based on the assumption of an exact BRST invariance of YM theory
in the manifestly covariant gauge. Recently, a nilpotent BRST transformation which leaves the
GZ action invariant has been obtained and can be applied to KO analysis of the GZ theory
[59]. The BRST symmetry in presence of the Gribov horizon has great applicability in order
to solve the nonperturbative features of confining YM theories [60, 61], where the soft breaking
of the BRST symmetry exhibited by the GZ action is converted into an exact invariance [62].
We consider FFBRST transformation in Euclidean space to show the mapping between the
generating functional of GZ theory to that of YM theory [63]. Such a mapping is also shown to
exists in field/antifield formulation of GZ theory [64].
So far we have seen that FFBRST and FF-anti-BRST transformations are symmetry of the
effective action but do not leave the generating functionals invariant. The Jacobians of the path
integral measure in the expression of generating functional are not unity as these transformations
are finite in nature. We address the important question whether it is possible to develop a finite
nilpotent symmetry for both effective action as well as the generating functional? In search of
answer to this question, we propose the finite version of mixed BRST (combination of BRST and
anti-BRST) transformation. Such a finite mixed BRST (FFMBRST) transformation is shown to
be nilpotent as well as the symmetry of both the effective action and the generating functional
[65]. Our results are established with the help of several explicit examples. This formulation is
further extended to field/antifield formulation [65].
In another problem, we study the systems with constraints in the framework of FFBRST
transformation. The gauge variant model for the single self-dual chiral boson in (1+1) dimensions
(2D) is well known example of the second-class theory [66, 67, 68, 69, 70, 71, 72]. This model
was made gauge invariant by adding the Wess-Zumino (WZ) term and had been studied using
BFV formulation [73, 74]. Such a model is very useful in the study of certain string theoretic
models [75] and plays a crucial role in the study of quantum Hall effect [76]. The Proca model
in (1+3) dimensions (4D) for massive spin 1 vector field also is another example of a system
with the second-class constraint as the gauge symmetry is broken by the mass term of the
theory. However, Stueckelberg converted this theory to a first-class theory by introducing a
scalar field [77, 78, 79]. Such a gauge invariant description for massive spin 1 field has many
applications in gauge field theories as well as in string theories [80, 81, 82]. We establish the
connection between the generating functionals for the first-class theories and the generating
functionals for the second-class theories using FFBRST transformation [83]. The generating
functional of the Proca model is obtained from the generating functional of the Stueckelberg
theory for massive spin 1 vector field using FFBRST transformation with appropriate choice
of the finite parameter. In the other example we relate the generating functionals for the
gauge invariant and the gauge variant theory for self-dual chiral boson by constructing suitable
FFBRST transformation. Thus, the complicated nonlocal Dirac bracket analysis in the study
of the second-class theories is avoided in our formulation.
In a different problem, we study the analogy between the conserved charges of different BRST
and co-BRST symmetry transformations with exterior and co-exterior derivatives [73]. In the
BRST formulation of gauge theories one requires that the physical subspace of total Hilbert
5space of states contains only those states that are annihilated by the nilpotent and conserved
BRST charge Qb i.e. Qb |phys〉 = 0 [13, 84]. The nilpotency of the BRST charge (Q
2
b = 0) and
the physicality criterion (Qb |phys〉 = 0) are the two essential ingredients of BRST quantization.
In the language of differential geometry defined on compact, orientable Riemannian manifold,
the cohomological aspects of BRST charge is realized in a simple, elegant manner. The nilpotent
BRST charge is connected with exterior derivative (de Rham cohomological operator d = dxµ∂µ,
with d2 = 0)[85, 86, 87, 88, 89, 90, 91, 92, 93, 94]. It has been found that the co-BRST
transformation which is also the symmetry of the action and leaves the gauge-fixing part of the
action invariant separately. The conserved charge corresponding to the co-BRST transformation
is shown to be analog to the co-exterior derivative (δ = ± ∗ d∗, with δ2 = 0)[92].
This thesis is divided into following nine chapters. The detail contents of these chapters are
given below.
General introductions to i) BRST transformation, its generalizations and applications, ii)
basic techniques of field/antifield formulation and BFV formulation are presented in chapter
one. We brief the contents of the different chapters of the thesis.
In Chapter two, we provide the different mathematical techniques which will be used to
construct the thesis. In particular FFBRST transformation, BV formulation and BFV technique
are discussed in brief.
In chapter three, we formulate the FFBRST transformation in auxiliary field formulation
to make it off-shell nilpotent [42]. We consider several examples to demonstrate that the off-
shell nilpotent FFBRST transformation also leads to similar results in connecting the different
generating functionals. We further construct the finite field dependent anti-BRST (FF-anti-
BRST) transformation analogous to the FFBRST transformation by integrating infinitesimal
anti-BRST transformation. By considering several choices of finite field dependent parameter in
FF-anti-BRST transformation we show that FF-anti-BRST transformation also plays the same
role as FFBRST transformation in connecting different effective theories but with different
parameters. Finally, we consider the formulation of FF-anti-BRST transformation in auxiliary
field formulation also to make it off-shell nilpotent.
In chapter four, we study the quantization of the Abelian rank-2 antisymmetric tensor field
by using the FFBRST transformation [45]. We show that it is possible to construct the Abelian
rank-2 tensor field theory in noncovariant gauges by using FFBRST transformation. In partic-
ular, we show that the generating functional for Abelian rank-2 tensor field theory in covariant
gauges transformed to the generating functional for the same theory in a noncovariant gauges
for a particular choice of the finite parameter in FFBRST transformation. The new results arise
from the nontrivial Jacobian of the path integral measure under such finite BRST transforma-
tion. The connections between the theories in two different noncovariant gauge, namely axial
gauge and Coulomb gauge are also established explicitly. Further, we consider the field/antifield
formulation of Abelian rank-2 tensor field theory by introducing the antifield φ⋆ correspond-
ing to each field φ with opposite statistics to study the role of FFBRST transformation in such
formulation. We show that the FFBRST transformation changes the generating functional corre-
sponding to one gauge-fixed fermion to the generating functional to another gauge-fixed fermion.
Thus, the FFBRST transformation connects the different solutions of the master equation in
field/antifield formulation. We show this by considering explicit examples.
Chapter five is devoted for the construction of FFBRST transformation in Euclidean space
6to study the GZ theory [63, 64]. By constructing an appropriate finite field dependent parameter
we show that such FFBRST transformation relates the generating functional for GZ theory to
the generating functional in YM theory. Thus, we are able to connect the theories with and
without Gribov copies.
In chapter six, we construct the finite version of MBRST transformation having finite and
field dependent parameters [65]. The usual FFBRST and FF-anti-BRST transformations are the
symmetry transformations of the effective action only but do not leave the generating functional
invariant as the path integral measure in the definition of generating functional transforms in a
nontrivial manner [27, 42]. Unlike the usual FFBRST and FF-anti-BRST transformations, this
finite field dependent MBRST (FFMBRST) transformation is shown to be the symmetry of the
both effective action as well as the generating functional of the theory. We construct the finite
parameters in the FFMBRST transformation in such a way that the Jacobian contribution due to
FFBRST part compensates the same due to FF-anti-BRST part. Thus, we are able to construct
the finite nilpotent transformation which leaves the generating functional as well as the effective
action of the theory invariant. We further show that the effect of FFMBRST transformation
is equivalent to the effect of successive operations of FFBRST and FF-anti-BRST transforma-
tions. Our results are supported by several explicit examples. First of all we consider the gauge
invariant model for single self-dual chiral boson in (1+1) dimensions [66, 67, 73] to show our
results. (1+3) dimensional Abelian as well as non-Abelian YM theory in the Curci-Ferrari-
Delbourgo-Jarvis (CFDJ) gauge [95, 96, 97] are also considered to demonstrate the above finite
nilpotent symmetry. To study the role of FFMBRST transformation in field/antifield formula-
tion we consider the same three simple models in BV formulation. We show that the FFMBRST
transformation does not change the generating functional written in terms of extended quantum
action in BV formulation. Hence the FFMBRST transformation leaves the different solutions
of the quantum master equation in field/antifield formulation invariant.
In chapter seven, we study the theories with constraints in the context of FFBRST trans-
formation [83]. Theories with first-class constraints are shown to be related to the theories with
second-class constraints through FFBRST transformation. The generating functional of Stueck-
elberg theory for massive spin 1 vector field is related to the generating functional of Proca
model for the same theory through FFBRST and FF-anti-BRST transformations. Similar re-
lationship is also established between the gauge invariant and gauge variant models for single
self-dual chiral boson through FFBRST and FF-anti-BRST formalism.
In chapter eight, we present BFV formulation for the model of single self-dual chiral boson
[73]. Along with the usual nilpotent BRST symmetry, anti-BRST, co-BRST and anti-co-BRST
symmetries are investigated in this framework. The generators of all these continuous symmetry
transformations are shown to obey the algebra of de Rham cohomological operators of differential
geometry. The Hodge decomposition theorem in the quantum Hilbert space of states is also
discussed. We show that the classical theory for a self-dual chiral boson is a field theoretic
model for Hodge theory.
The last chapter is devoted for summary and conclusion.
Chapter 2
The mathematical basis
The aim of this chapter is to provide the basic techniques and mathematical tools to prepare
the necessary background relevant to this thesis. In particular, we briefly outline the basic ideas
of the on-shell finite field dependent BRST transformation, BV formulation of gauge theories
and BFV technique. We start with on-shell FFBRST transformation in the next section.
2.1 On-shell finite field dependent BRST (FFBRST)
transformation
We begin with the on-shell FFBRST formulation of pure gauge theories [27]. The usual BRST
transformation for the generic fields φ of an effective theory is defined compactly as
δbφ = sbφ Λ, (2.1)
where sbφ is the BRST variation of the fields with infinitesimal, anticommuting and global
parameter Λ. Such transformation is on-shell nilpotent, i.e. s2b = 0, with the use of some
equation of motion for fields and leaves the FP effective action invariant. It was observed by
Joglekar and Mandal [27] that Λ needs neither to be infinitesimal, nor to be field-independent
to maintain the symmetry of the FP effective action of the theory as long as it does not depend
explicitly on space-time. They made it infinitesimally field dependent and then integrated the
infinitesimal field dependent BRST transformation to construct FFBRST transformation which
preserves the same form as
δbφ = sbφ Θb[φ], (2.2)
where Θb[φ] is an x-independent functional of fields φ.
We briefly mention the important steps to construct FFBRST transformation. We start
with the fields, φ(x, κ), which are made to depend on some parameter, κ : 0 ≤ κ ≤ 1, in such a
manner that φ(x, κ = 0) = φ(x) is the initial field and φ(x, κ = 1) = φ′(x) is the transformed
field. The infinitesimal parameter Λ in the BRST transformation is made field dependent and
hence the BRST transformation can be written as
d
dκ
φ(x, κ) = sbφ(x, κ) Θ
′
b[φ(x, κ)], (2.3)
where Θ′b is an infinitesimal field dependent parameter. By integrating these equations from
κ = 0 to κ = 1, it has been shown [27] that the φ′(x) are related to φ(x) by the FFBRST
transformation as
φ′(x) = φ(x) + sbφ(x) Θb[φ(x)], (2.4)
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where Θb[φ(x)] is obtained from Θ
′
b[φ(x)] through the relation [27]
Θb[φ(x, κ)] = Θ
′
b[φ(x, 0)]
exp f [φ(x, 0)] − 1
f [φ(x, 0)]
, (2.5)
and f is given by f =
∑
i
δΘ′b(x)
δφi(x)
sbφi(x). This transformation is nilpotent and symmetry of the
effective action. The generating functional, defined as
Z =
∫
[Dφ] eiSeff , (2.6)
is not invariant under such FFBRST transformation as the Jacobian in the above expression is
not invariant under it. Under FFBRST transformation Jacobian changes as
Dφ = J [φ(κ)]Dφ(κ). (2.7)
It has been shown [27] that under certain condition this nontrivial Jacobian can be replaced
(within the functional integral) as
J [φ(κ)]→ eiS1[φ(κ)], (2.8)
where S1[φ(κ)] is some local functional of φ(x). The condition for existence of S1 is∫
[Dφ]
[
1
J
dJ
dκ
− i
dS1
dκ
]
exp i[Seff + S1] = 0. (2.9)
Thus,
Z
(
=
∫
[Dφ] eiSeff
)
FFBRST
−−−− −→ Z ′
(
=
∫
[Dφ] ei[Seff (φ)+S1(φ)]
)
. (2.10)
S1[φ] depends on the finite field dependent parameter. Therefore, the generating functional
corresponding to the two different effective theories can be related through FFBRST trans-
formation with appropriate choices of finite parameters. The FFBRST transformation has
also been used to solve many of the long outstanding problems in quantum field theory
[28, 29, 30, 31, 32, 45, 35, 36, 37, 38]. For example, the gauge field propagators in nonco-
variant gauges contain singularities on the real momentum axis [30]. Proper prescriptions for
these singularities in gauge field propagators have been found by using FFBRST transformation
[33].
2.1.1 Evaluation of Jacobian
Due to the finiteness of FFBRST transformation the Jacobian is not unity and hence it is im-
portant to consider the Jacobian contribution. In this subsection we present the general method
to evaluate the nontrivial Jacobian of path integral measure for FFBRST transformation. Here
we utilize the fact that FFBRST transformation can be written as a succession of infinitesimal
transformation given in Eq. (2.3). Now, one defines the path integral measure as
Dφ = J(κ)Dφ(κ) = J(κ+ dκ)Dφ(κ + dκ). (2.11)
2.2. Batalin-Vilkovisky (BV) formalism 9
Since the transformation φ(κ) to φ(κ+ dκ) is an infinitesimal one, then the equation reduces to
J(κ)
J(κ+ dκ)
=
∫
d4x
∑
φ
±
δφ(x, κ + dκ)
δφ(x, κ)
, (2.12)
where Σφ sums over all fields in the measure and ± refers to whether φ is bosonic or fermionic
field. Using the Taylor’s expansion in the above equation, the expression for infinitesimal change
in Jacobian is obtained as follows:
1
J(κ)
dJ(κ)
dκ
= −
∫
d4x
∑
φ
[
±sbφ
δΘ′b[φ(x, κ)]
δφ(x, κ)
]
. (2.13)
The nontrivial Jacobian is the source of new results in the FFBRST formulation.
2.2 Batalin-Vilkovisky (BV) formalism
The BV formulation (also known as field/antifield formulation) is a powerful technique in the
Lagrangian framework to deal with more general gauge theories. This method is applicable to
gauge theories with both reducible/open as well as irreducible/close algebras [6, 7, 8]. The basic
idea in this approach is to introduce the so-called antifield (φ⋆) for each field (φ) in the theory.
The antifields satisfy opposite statistics with ghost number −gh(φ) − 1, where gh(φ) is ghost
number of field φ.
The effective action Seff is then extended with the antifields as
Seff [φ, φ
⋆] = I[φ] + (sbφ)φ
⋆, (2.14)
where I[φ] is gauge invariant action. The antifields φ⋆ are obtained from gauge-fixing fermion
Ψ as
φ⋆ =
δΨ
δφ
. (2.15)
The extended effective action is then written in terms of Ψ as
Seff [φ] = I[φ] + sbΨ. (2.16)
The effective action Seff satisfies certain rich mathematical relation which is known as ‘quantum
master equation’ as follows:
(Seff , Seff )− 2i∆Seff = 0, at φ
⋆ =
δΨ
δφ
, (2.17)
where the antibracket of effective action, (Seff , Seff ), is defined by
(Seff , Seff ) =
δrSeff
δφ
δlSeff
δφ⋆
−
δrSeff
δφ⋆
δlSeff
δφ
, (2.18)
and ∆ is defined with left and right differentials (δl and δr respectively) as
∆ =
δr
δφ⋆
δl
δφ
. (2.19)
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Usually it is easy to construct an action that satisfies the ‘classical master equation’
(Seff , Seff ) = 0. (2.20)
The generating function given in Eq. (2.6) can also be written in compact form as
Z =
∫
[Dφ] exp [iWΨ(φ, φ
⋆)], (2.21)
where WΨ(φ, φ
⋆) is an extended action satisfying following ‘quantum master equation’ [6]:
∆eiWΨ[φ,φ
⋆] = 0. (2.22)
The quantum master equation in the zeroth order of antifields gives the condition of gauge
invariance. On the other hand it reflects the nilpotency of BRST transformation in the first
order of antifields. We will be using this formulation in the framework of FFBRST formulation
in different contexts.
2.3 Batalin-Fradkin-Vilkovisky (BFV) formulation
We briefly mention the BFV formalism [5, 22] which is applicable for the general theories with
first-class constraints. This formalism is developed on an extended phase space with finite
number of canonically conjugate variables. The basic features of this approach are as follows: i)
it does not require closure off-shell of the gauge algebra and therefore does not need an auxiliary
field, ii) heavily relies on BRST transformation which is independent of the gauge condition and
iii) it is even applicable to Lagrangian which are not quadratic in velocities and hence is more
general than the strict Lagrangian approach. The action, in terms of canonical Hamiltonian
density H0 and first-class constraints, Ωa(a = 1, 2, ...,m), can be written in this formalism as
S =
∫
d4x(pµq˙µ −H0 − λ
aΩa), (2.23)
where (qµ, p
µ) are the canonical variables and λa are the Lagrange multiplier associated with
first-class constraints. In this method, the Lagrange multipliers λa are treated as the canonical
variables. Therefore, one introduces its canonical conjugate momenta pa, where pa further
imposes new constraints such that the dynamics of the theory must not be changed. In order to
make the extended theory to be consistent with the initial theory a pair of canonically conjugate
anticommuting ghost coordinate and momenta (ca, pia) is introduced for each constraint. These
canonically conjugate ghosts satisfy the following anticommutation relation:
{ca(x, t), pib(y, t)} = −iδabδ3(x− y), (2.24)
where ca and pia have ghost number 1 and −1, respectively. The generating functional for this
extended theory is then defined as
ZΨ =
∫
[Dφ]eiSeff [φ], (2.25)
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where [Dφ] is the path integral measure and the effective action Seff is
Seff =
∫
d4x(pµq˙µ + p
aλ˙a + piac˙a −HΨ). (2.26)
HΨ is the extended Hamiltonian and is written as
HΨ = H0 + {Qb,Ψ}, (2.27)
where Ψ is the gauge-fixing fermion and Qb is the nilpotent BRST charge which has the following
general form:
Qb = c
aΩa +
1
2
piafabccbcc, (2.28)
where the fabc is a structure constant.
The BRST symmetry transformation for fields φ can be calculated with BRST charge Qb
using the relation
sbφ = −[φ,Qb]±, (2.29)
where + and − signs, respectively, denote anticommutator and commutator for the fermionic
and bosonic nature of fields φ.
In this chapter we have provided the basic mathematical techniques which are relevant for
the later part of the thesis. In the next chapter we would like to deal with the off-shell FFBRST
and FF-anti-BRST transformations.
Chapter 3
Off-shell nilpotent FFBRST
transformation
The FFBRST transformation which have been discussed in the previous chapter is on-shell
nilpotent. In this chapter we extend this formulation using auxiliary fields to make FFBRST
transformation off-shell nilpotent [42]. Several explicit examples of off-shell nilpotent FFBRST
transformation are considered. We further construct both on-shell and off-shell nilpotent FF-
anti-BRST transformations and show that such transformations also play the similar role.
3.1 FFBRST transformation for Faddeev-Popov (FP) effective
theory: short survey
Let us now briefly review the FFBRST formulation, particularly, in case of FP effective theory
as an example of pure gauge theories [27]. In this case the Jacobian of the path integral measure
changes the generating functional corresponding to FP effective theory to the generating func-
tional for a different effective theory. The meaning of these field transformations is as follows.
We consider the vacuum expectation value of a gauge invariant functional G[A] in some effective
theory,
<< G[A] >>≡
∫
[Dφ] G[A] exp(iSeff [φ]), (3.1)
where φ is generic notation for all fields and the FP effective action is defined as
Seff = S0 + Sgf + Sg. (3.2)
Here, S0 is the pure YM action
1
S0 =
∫
d4x
[
−
1
4
F aµνF aµν
]
, (3.3)
1Here we adopt the following notations throughout the thesis. The d dimensional metric tensor in Minkowski
space-time is defined as gµν = g
µν = diag(+1,−1,−1,−1, ...) and the quantity XµX
µ = X ·X is a Lorentz scalar.
We always use the small letters (a,b,c,...) in superscript to denote the group indices. This should not be confused
with the small letters (b, ab, d, ad,...) used in subscript which denote the different forms of BRST transformations
(e.g. BRST, anti-BRST, co-BRST, anti-co-BRST,...).
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and the gauge-fixing and ghost part of the effective action in Lorentz gauge are given as
Sgf = −
1
2λ
∫
d4x(∂ · Aa)2,
Sg = −
∫
d4x
[
c¯a∂µDabµ c
b
]
. (3.4)
The covariant derivative is defined as Dabµ [A] ≡ δ
ab∂µ + gf
abcAcµ.
Now we perform the FFBRST transformation φ→ φ′ given by Eq. (2.4). Then we have
<< G[A] >>=<< G[A′] >>=
∫
[Dφ′]J [φ′]G[A′] exp(iSFeff [φ
′]), (3.5)
on account of BRST invariance of Seff and the gauge invariance of G[A]. Here J [φ
′] is the
Jacobian associated with FFBRST transformation and is defined as
Dφ = Dφ(κ)J [φ(κ)]. (3.6)
Note that unlike the usual infinitesimal BRST transformation, the Jacobian for FFBRST is not
unity. In fact, this nontrivial Jacobian is the source of the new results in this formulation. As
shown in Ref. [27] for the special case G[A] = 1, the Jacobian J [φ(κ)] can always be replaced
by eiS1[φ(κ)], where S1[φ(κ)] is some local functional of the fields and can be added to the action
at κ = 1,
Seff [φ
′] + S1[φ
′] = S′eff [φ
′]. (3.7)
Thus, the FFBRST transformation changes the FP effective action of the theory [37].
3.2 Off-shell nilpotent FFBRST transformation
In this section, we intend to generalize the FFBRST transformation in an auxiliary field formu-
lation. We only mention the necessary steps of the FFBRST formulation in presence of auxiliary
field. For simplicity, we consider the case of pure YM theory described by the effective action
in Lorentz gauge
SLeff =
∫
d4x
[
−
1
4
F aµνF aµν +
λ
2
(Ba)2 −Ba∂ · Aa − c¯a∂µDabµ c
b
]
. (3.8)
This effective action is invariant under an off-shell nilpotent usual BRST transformation with
infinitesimal parameter. Following the procedure outlined in the previous chapter, it is straight-
forward to construct FFBRST transformation under which the above SLeff remains invariant.
The transformation is as follows:
Aaµ → A
a
µ +D
ab
µ c
b Θb(A, c, c¯, B),
ca → ca −
g
2
fabccbcc Θb(A, c, c¯, B),
c¯a → c¯a +Ba Θb(A, c, c¯, B),
Ba → Ba.
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The finite parameter, Θb(A, c, c¯, B) depends also on the auxiliary field B and hence the non-
trivial modification arises in the calculation of Jacobian for this FFBRST in an auxiliary field
formulation. The Jacobian is defined as
DA(x)Dc(x)Dc¯(x)DB(x) = J(x, k)DA(x, k)cD(x, k)Dc¯(x, k)DB(x, k)
= J(k + dk)DA(k + dk)Dc(k + dk)Dc¯(k + dk)
DB(k + dk). (3.10)
The transformation from φ(k) to φ(k + dk) is an infinitesimal one and one has, for its Jacobian
J(k)
J(k + dk)
=
∫
d4x
∑
φ
±
δφ(x, k + dk)
δφ(x, k)
, (3.11)
where
∑
φ sums over all the fields in the measure A
a
µ, c
a, c¯a, Ba and the ± sign refers to the cases
of fields φ being bosonic or fermionic in nature. We evaluate the right hand side as∫
d4x
∑
a,µ
[
δAaµ(x, k + dk)
δAaµ(x, k)
−
δca(x, k + dk)
δca(x, k)
−
δc¯a(x, k + dk)
δc¯a(x, k)
+
δBa(x, k + dk)
δBa(x, k)
]
, (3.12)
dropping those terms which do not contribute on account of the antisymmetry of structure
constant. We calculate the infinitesimal change in Jacobian, as mentioned in [27], as2
1
J(k)
dJ(k)
dk
= −
∫
d4x
[
(sbA
a
µ)
δΘ′b
δAaµ
− (sbc
a)
δΘ′b
δca
− (sbc¯
a)
δΘ′b
δc¯a
+ (sbB
a)
δΘ′b
δBa
]
. (3.13)
Further, it can be shown that the Jacobian in Eq. (3.10) can be expressed as eiS1[φ] if it
satisfies the condition given in Eq. (2.9)
Now, we consider different choices of the parameter Θ′b (which is related to Θb through the
relation in Eq. (2.5)) to show the connection between different pairs of effective theories.
3.2.1 Connecting YM theory in Lorentz gauge to the same theory in axial
gauge
To show the connection between YM theories in Lorentz gauge and axial gauge we start with
the Lorentz gauge YM theory in the auxiliary field formulation, described by the effective action
given in Eq. (3.8) and choose the infinitesimal field dependent parameter as
Θ′b = i
∫
d4x c¯a [γ1λB
a + γ2 (∂ · A
a − η · Aa)] , (3.14)
where γ1, γ2 are arbitrary constants and λ is a gauge parameter. Using Eq. (3.13), we calculate
the change in the Jacobian of such transformation as
1
J
dJ
dk
= i
∫
d4x
[
γ1λ(B
a)2 + γ2B
a (∂ ·Aa − η ·Aa) + γ2c¯
a
(
Mabcb − M˜abcb
)]
, (3.15)
2The small letter (b) used in the subscript of Eq. (3.13), which denotes BRST, should not be confused with
the group index which is always written in the superscript.
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where Mab ≡ ∂ ·Dab and M˜ab ≡ η ·Dab. We further make an ansatz for S1 in this case as
S1 [φ(κ), κ] =
∫
d4x
[
ξ1(κ)(B
a)2 + ξ2(κ)B
a∂ · Aa + ξ3(κ)B
aη ·Aa
+ ξ4(κ)c¯
aMabcb + ξ5(κ)c¯
aM˜abcb
]
. (3.16)
The constants ξi(κ) depend on κ explicitly and satisfies the following initial condition:
ξi(κ = 0) = 0. (3.17)
Using Eq. (2.3) we calculate
dS1
dκ
=
∫
d4x
[
dξ1
dκ
(Ba)2 +
dξ2
dκ
Ba∂ ·Aa +
dξ3
dκ
Baη · Aa +
dξ4
dκ
c¯aMabcb
+
dξ5
dκ
c¯aM˜abcb + ξ2B
aMabcbΘ′b + ξ3B
aM˜abcbΘ′b − ξ4B
aMabcbΘ′b
− ξ5B
aM˜abcbΘ′b
]
. (3.18)
From the condition mentioned in Eq. (2.9), we obtain∫
[Dφ] ei(S
L
eff+S1)
{
MabcbΘ′b[B
a(ξ2 − ξ4)] + M˜
abcbΘ′b[B
a(ξ3 − ξ5)]
+ (Ba)2
(
dξ1
dκ
− γ1λ
)
+Ba∂ · Aa
(
dξ2
dκ
− γ2
)
+Baη ·Aa
(
dξ3
dκ
+ γ2
)
+ c¯aMabcb
(
dξ4
dκ
− γ2
)
+ c¯aM˜abcb
(
dξ5
dκ
+ γ2
)}
= 0. (3.19)
The last two terms in the integrand of Eq. (3.19) depend on c¯ in a local fashion. The contribution
of these terms vanish by antighost equation of motion [27, 37]∫
Dc¯a
δ
δc¯a
ei(Seff+S1) = 0. (3.20)
This can only happen if the ratio of coefficients of the two terms is identical to the ratio of
coefficients of c¯aMabcb and c¯aM˜abcb in SLeff + S1. This requires that
dξ4/dκ− γ2
ξ4 − 1
=
dξ5/dκ + γ2
ξ5
. (3.21)
The nonlocal Θ′b dependent terms are canceled by converting them to local terms using antighost
equation of motion [37]. This can only work if the two Θ′b dependent terms in a certain manner,
depending again on the ratio of coefficients of c¯aMabcb and c¯aM˜abcb in terms in SLeff +S1. This
requires that
ξ2 − ξ4
ξ4 − 1
=
ξ3 − ξ5
ξ5
. (3.22)
When the above two equations (3.21) and (3.22) are satisfied, the nonlocal Θ′b dependent terms
get converted to local terms. The coefficients of local terms (Ba)2, Ba∂ ·Aa, Baη ·Aa, c¯aMabcb,
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and c¯aM˜abcb, independently, vanish and are giving rise to following differential equations, re-
spectively:
dξ1
dκ
− γ1λ+ γ1λ(ξ2 − ξ4) + γ1λ(ξ3 − ξ5) = 0,
dξ2
dκ
− γ2 + γ2(ξ2 − ξ4) + γ2(ξ3 − ξ5) = 0,
dξ3
dκ
+ γ2 − γ2(ξ2 − ξ4)− γ2(ξ3 − ξ5) = 0,
dξ4
dκ
− γ2 = 0,
dξ5
dκ
+ γ2 = 0. (3.23)
The above equations can be solved for various ξi(κ) using the boundary conditions given by Eq.
(3.17) and the solutions (γ2 = 1) are given as
ξ1 = γ1λκ, ξ2 = κ, ξ3 = −κ, ξ4 = κ, ξ5 = −κ. (3.24)
Putting the above values in Eq. (3.16), we get
S1 = γ1λκ(B
a)2 + κBa∂ · Aa − κBaη ·Aa + κc¯aMabcb − κc¯aM˜abcb. (3.25)
FFBRST transformation in Eq. (3.9) with the parameter given in Eq. (3.14) connects the
generating functional in Lorentz gauge,
ZL =
∫
[Dφ] eiS
L
eff , (3.26)
to the generating functional corresponding to the effective action
S′eff = S
L
eff + S1(κ = 1) =
∫
d4x
[
−
1
4
F aµνF
aµν +
ζ
2
(Ba)2 −Baη ·Aa
− c¯aM˜abcb
]
= S′Aeff , (3.27)
where S′Aeff is nothing but FP effective action in axial gauge with the gauge parameter ζ =
(2γ1 + 1)λ.
3.2.2 Relating theories in Coulomb gauge and Lorentz gauge
We again start with Lorentz gauge theory given in Eq. (3.8) and choose another parameter
Θ′b = i
∫
d4x c¯a
[
γ1λB
a + γ2
(
∂ · Aa − ∂jAaj
)]
; j = 1, 2, 3, (3.28)
to show the connection with theory in the Coulomb gauge. The change in the Jacobian due to
this FFBRST transformation is calculated using Eq. (3.13) as
1
J
dJ
dk
= i
∫
d4x
[
γ1λ(B
a)2 + γ2B
a
(
∂ · Aa − ∂jAaj
)
+ γ2c¯
a
(
Mabcb − M˜ ′
ab
cb
)]
, (3.29)
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where M˜ ′ = ∂jDabj . We try the following ansatz for S1 for this case:
S1 =
∫
d4x
[
ξ1(κ)(B
a)2 + ξ2(κ)B
a∂ ·Aa + ξ3(κ)B
a∂jAaj
+ ξ4(κ)c¯
a(Mc)a + ξ5(κ)c¯
a(M˜ ′c)a
]
. (3.30)
Now, using the condition Eq. (2.9) for replacing the Jacobian as eiS1 and following the similar
procedure as discussed in the previous case, we obtain exactly same solutions as given in Eq.
(3.24) for the coefficients ξi. Putting these solutions in Eq. (3.30) we obtain
S1 =
∫
d4x
[
γ1λκ(B
a)2 + κBa∂ ·Aa − κBa∂jAaj + κc¯
a(Mc)a − κc¯a(M˜ ′c)a
]
. (3.31)
The transformed effective action
S′eff = S
L
eff + S1(κ = 1),
=
∫
d4x
[
−
1
4
F aµνF aµν +
ζ
2
(Ba)2 −Ba∂jAaj − c¯
a(M˜ ′c)a
]
, (3.32)
which is the FP effective action in Coulomb gauge with gauge parameter ζ.
Thus, FFBRST transformation with parameter given in equation (3.28) connects the gen-
erating functional for YM theories in Lorentz gauge to the generating functional for the same
theory in Coulomb gauge.
3.2.3 FFBRST transformation to link FP effective action in Lorentz gauge
to quadratic gauge
Next we consider theories in quadratic gauges which are often useful in doing calculations [98].
The effective action in quadratic gauge in terms of auxiliary field can be written as
SQeff =
∫
d4x
[
−
1
4
F aµνF
aµν +
λ
2
(Ba)2 −Ba
(
∂ · Aa + dabcAbµA
µc
)
− c¯a∂µ(Dµc)
a − 2dabcc¯aAµc(Dµc)
b
]
, (3.33)
where dabc is structure constant symmetric in b and c. This effective action is invariant under
the FFBRST transformation mentioned in Eq. (3.9).
For this case, we start with the following choice of the infinitesimal field dependent parameter:
Θ′b = i
∫
d4x c¯a
[
γ1λB
a + γ2d
abcAbµA
µc
]
. (3.34)
We calculate the Jacobian change as
1
J
dJ
dκ
= i
∫
d4x
[
γ1λ(B
a)2 + γ2B
adabcAbµA
µc + 2γ2d
abcc¯a(Dµc)
bAµc
]
. (3.35)
We make an ansatz for S1 for this case as
S1 =
∫
d4x
[
ξ1(κ)(B
a)2 + ξ2(κ)B
adabcAbµA
µc + ξ3(κ)d
abc c¯a(Dµc)
bAµc
]
. (3.36)
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The unknown coefficients ξi are determined by using the condition in equation (2.9) and the
initial condition in equation (3.17), to get
S1(κ = 1) = γ1λ(B
a)2 −BadabcAbµA
µc − 2dabc c¯a(Dµc)
bAµc, (3.37)
and S′eff = S
L
eff +S1(κ = 1) = S
′Q
eff , which is effective action in quadratic gauge as given in Eq.
(3.33) with gauge parameter ζ.
Thus, the FFBRST transformation with parameter given in equation (3.34) connects Lorentz
gauge theory to the theory for quadratic gauge.
3.2.4 FP action to the most general BRST/anti-BRST invariant action
The most general BRST/anti-BRST invariant action for YM theories in Lorentz gauge is given
as [99]
SABeff =
∫
d4x
[
−
1
4
F aµνF aµν −
(∂ ·Aa)2
2λ
+ ∂µc¯aDabµ c
b +
α
2
gfabc∂ ·Aac¯bcc
−
1
8
α(1 −
1
2
α)λg2fabcc¯bc¯cfalmclcm
]
. (3.38)
This effective action has the following global symmetries.
BRST:
δbA
a
µ = (Dµc)
aΛ, δbc
a = −
1
2
gfabccbccΛ,
δbc¯
a =
(
∂ ·Aa
λ
−
1
2
agfabcc¯bcc
)
Λ. (3.39)
Anti-BRST:
δabA
a
µ = (Dµc¯)
aΛ, δabc¯
a = −
1
2
gfabcc¯bc¯cΛ,
δabc
a = −
(
∂ · Aa
λ
+ (1−
1
2
α)gfabcc¯bcc
)
Λ. (3.40)
The above most general BRST/anti-BRST effective action can be re-expressed in the auxiliary
field formulation as,
SABeff =
∫
d4x
[
−
1
4
F aµνF aµν +
λ
2
(Ba)2 −Ba(∂ · Aa −
αgλ
2
fabcc¯bcc)
+ ∂µc¯aDabµ c
b −
1
8
αλg2fabcc¯bc¯cfalmclcm
]
. (3.41)
The off-shell nilpotent, global BRST/anti-BRST symmetries for this effective action are given
as
BRST:
δbA
a
µ = (Dµc)
a Λ, δbc
a = −
1
2
gfabccbcc Λ,
δbc¯
a = Ba Λ, δbB
a = 0. (3.42)
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Anti-BRST:
δabA
a
µ = (Dµc¯)
a Λ, δabc¯
a = −
1
2
gfabcc¯bc¯c Λ,
δabc
a = (−Ba − gfabcc¯bcc) Λ, δabB
a = −gfabcBbc¯c Λ. (3.43)
To obtain the generating functional corresponding to this theory, we apply the FFBRST trans-
formation with the finite field parameter obtainable from
Θ′b = i
∫
d4x c¯a
[
γ1λB
a + γ2f
abcc¯bcc
]
, (3.44)
on the generating functional given in Eq. (3.26). Using Eq. (3.13), change in Jacobian can be
calculated as
1
J
dJ
dκ
= i
∫
d4x
[
γ1λ(B
a)2 + 2γ2f
abcBac¯bcc −
g
2
γ2f
abcc¯bc¯cfalmclcm
]
. (3.45)
We further make an ansatz for S1 as
S1 =
∫
d4x
[
ξ1(κ)(B
a)2 + ξ2(κ)B
afabcc¯bcc + ξ3(κ)f
abcc¯bc¯cfalmclcm
]
. (3.46)
The condition given in equation (2.9), then be written for this case as∫
[Dφ] ei(S
L
eff+S1)
[(
dξ1
dκ
− γ1λ
)
(Ba)2 +
(
dξ2
dκ
− 2γ2
)
Bafabcc¯bcc
+
(
dξ3
dκ
+
g
2
γ2
)
fabcc¯bc¯cfalmclcm −
(g
2
ξ2 + 2ξ3
)
fabcBbc¯cfalmclcmΘ′b
]
= 0. (3.47)
We look for a special solution corresponding to the condition
g
2
ξ2 + 2ξ3 = 0. (3.48)
Comparing the different coefficients, we get the following differential equations for ξi(κ):
dξ1
dκ
− γ1λ = 0,
dξ2
dκ
− 2γ2 = 0,
dξ3
dκ
+
g
2
γ2 = 0. (3.49)
Solutions of the above equations subjected to the initial condition given in Eq. (3.17) are,
ξ1 = γ1λκ, ξ2 = 2γ2κ, ξ3 = −
g
2
γ2κ. (3.50)
These solutions are consistent with condition in Eq. (3.48). Since γ2 is arbitrary, we choose
γ2 =
1
4αgζ to get
SLeff + S1(κ = 1) =
∫
d4x
[
−
1
4
F aµνF
aµν +
ζ
2
(Ba)2 −Ba(∂ ·Aa
−
αgζ
2
fabcc¯bcc) + ∂µc¯aDabµ c
b −
1
8
αζg2fabcc¯bc¯cfalmclcm
]
≡ S′ABeff , (3.51)
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which is the same effective action as mentioned in Eq. (3.41), where ζ is the gauge parameter.
Thus, even in the auxiliary field formulation the different generating functionals correspond-
ing to the different effective theories are connected through off-shell nilpotent FFBRST trans-
formation with different choices of the finite parameter which also depends on the auxiliary
field.
3.3 Finite field dependent anti-BRST (FF-anti-BRST)
formulation
In this section, we construct the FF-anti-BRST transformation analogous to FFBRST trans-
formation. For simplicity, we consider the pure YM theory in Lorentz gauge described by the
effective action in Eq. (3.2) which is invariant under the following on-shell anti-BRST transfor-
mation:
δabA
a
µ = (Dµc¯)
a Λ,
δabc¯
a = −
1
2
gfabcc¯bc¯c Λ,
δabc
a =
(
−
∂ ·Aa
λ
− gfabcc¯bcc
)
Λ, (3.52)
where Λ is infinitesimal, anti commuting and global parameter. This anti-BRST transformation
is special case (α = 0) of general anti-BRST transformation given in Eq. (3.40). Following the
procedure similar to the construction of FFBRST transformation as outlined in the chapter 2,
we can easily construct the FF-anti-BRST transformation for the pure YM theory as
δabA
a
µ = (Dµc¯)
a Θab,
δabc¯
a = −
1
2
gfabcc¯bc¯c Θab,
δabc
a =
(
−
∂ ·Aa
λ
− gfabcc¯bcc
)
Θab, (3.53)
where Θab(A, c, c¯) is finite, field dependent and anticommuting parameter.
In FF-anti-BRST formulation, the infinitesimal change in fields φ is written as
d
dκ
φ(x, κ) = sabφ(x, κ) Θ
′
ab[φ(x, κ)], (3.54)
where sabφ is anti-BRST variation of fields φ and Θ
′
ab is an infinitesimal field dependent param-
eter which is related with finite field dependent parameter Θab(A, c, c¯) as
Θab[φ(x, κ)] = Θ
′
ab[φ(x, 0)]
exp g[φ(x, 0)] − 1
g[φ(x, 0)]
, (3.55)
and g is given by g =
∑
i
δΘ′ab(x)
δφi(x)
sabφi(x).
In FF-anti-BRST formulation, we use the following relation to calculate the infinitesimal
change in Jacobian:
1
J(κ)
dJ(κ)
dκ
= −
∫
d4x
∑
φ
[
±sabφ
δΘ′ab[φ(x, κ)]
δφ(x, κ)
]
. (3.56)
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Now, we would like to investigate the role of such transformation by considering different
infinitesimal field dependent parameters Θ′ab(A, c, c¯)
3.3.1 FF-anti-BRST transformation to change the gauge parameter λ
We consider a very simple example to show that a simple FF-anti-BRST transformation can
transfer the generating functional corresponding to YM effective action in Lorentz gauge with
a gauge parameter λ to the generating functional corresponding to same effective action with
a different gauge parameter λ′. We start with the Lorentz gauge effective action given in Eq.
(3.8) with the gauge parameter λ and consider
Θ′ab = −iγ
∫
d4x ca(x, κ)∂ ·Aa(x, κ), (3.57)
with γ as arbitrary parameter.
Using Eq. (3.56), we calculate the infinitesimal change in Jacobian as
1
J
dJ
dκ
= iγ
∫
d4x
[
(∂ ·Aa)2
λ
+ c¯aMabcb
]
. (3.58)
We choose
S1 = ξ(κ)
∫
d4x
(∂ · Aa)2
λ
. (3.59)
The condition, for replacing the Jacobian of the FF-anti-BRST transformation with parameter
given in Eq. (3.57) as eiS1 , is given in Eq. (2.9) and is calculated as∫
[Dφ] ei(S
L
eff
+S1)
[
(∂ ·Aa)2
λ
(ξ′ − γ) + 2ξ
∂ · Aa
λ
Mabc¯bΘ′ab − c¯
aMca
]
= 0. (3.60)
The last term of above equation gives no contribution due to dimensional regularization and we
can substitute [27] ∫
d4x
∂ · Aa
λ
Mabc¯bΘ′ab −→ γ
(∂ ·Aa)2
λ
. (3.61)
Thus, the L.H.S. of Eq. (3.60) is vanish iff
ξ′ − γ + 2ξγ = 0. (3.62)
We solve this equation subjected to the initial condition given in Eq. (3.17) to obtain
ξ =
1
2
(1− e−2γκ). (3.63)
Thus, at κ = 1 the extra term in the net effective action from the Jacobian is
S1 =
1
2
(1− e−2γ)
∫
d4x
(∂ ·Aa)2
λ
. (3.64)
The new effective action becomes S′eff = S
L
eff + S1. In this case,
SLeff + S1 =
∫
d4x
[
−
1
4
F aµνF
aµν −
1
2λ′
(∂ · Aa)2 − c¯aMabcb
]
, (3.65)
which is effective action in Lorentz gauge with gauge parameter λ′ = λ/e−2γ . Thus, the FF-anti-
BRST transformation in Eq. (3.53) with parameter given in Eq. (3.57) connects two effective
theories which differ only by a gauge parameter.
3.3. Finite field dependent anti-BRST (FF-anti-BRST) formulation 22
3.3.2 Lorentz gauge to axial gauge theory
In this subsection we show that FF-anti-BRST transformation plays exactly same role of FF-
BRST transformation in connecting different effective theories. For this purpose we consider
same pair of theories which were connected by FFBRST transformation. The effective action in
Lorentz gauge given in Eq. (3.2) can be written as
SLeff =
∫
d4x
[
−
1
4
F aµνF
aµν −
1
2λ
(∂ · Aa)2 + caMabc¯b − gfabcc¯bcc(∂ ·A)a
]
, (3.66)
where we have interchanged the position of c, c¯ in the ghost term for the seek of convenience.
This action is invariant under anti-BRST transformation given in Eq. (3.52). Similarly, the
effective action in axial gauge can be written as
SAeff =
∫
d4x
[
−
1
4
F aµνF
aµν −
1
2λ
(η · Aa)2 + caM˜ c¯a − gfabcc¯bcc(η ·A)a
]
, (3.67)
which is invariant under the following anti-BRST symmetry transformation:
δbA
a
µ = (Dµc¯)
a Λ, δbc
a = −
1
2
gfabcc¯bc¯c Λ, δbc¯
a =
(
−
η ·Aa
λ
− gfabcc¯bcc
)
Λ. (3.68)
Now, we show that the generating functionals corresponding to these two effective action are
related through FF-anti-BRST transformation.
To show the connection, we choose
Θ′ab = −iγ
∫
d4x ca (∂ · Aa − η · Aa) . (3.69)
We calculate the change in Jacobian corresponding to this FF-anti-BRST transformation using
Eq. (3.56) as
1
J
dJ
dκ
= iγ
∫
d4x
[
1
λ
(∂ ·Aa)2 −
1
λ
(∂ ·Aa)(η · Aa) + gfabcc¯bcc(∂ ·Aa)
− gfabcc¯bcc(η · Aa)− caMabc¯b + caM˜abc¯b
]
. (3.70)
We make an ansatz for S1 as the following:
S1 =
∫
d4x
[
ξ1(κ)(∂ · A
a)2 + ξ2(κ)(η ·A
a)2 + ξ3(κ)(∂ · A
a)(η ·Aa)+
ξ4(κ)
(
caMabc¯b − gfabcc¯bcc∂ · Aa
)
+ ξ5(κ)
(
caM˜abc¯b − gfabcc¯bccη · Aa
)]
, (3.71)
where ξi(κ) are parameters to be determined. The condition mentioned in Eq. (2.9 ) to replace
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the Jacobian as eiS1 for this case is∫
[Dφ] ei(S
L
eff+S1)
[(
Mabc¯b − gfabcc¯b∂ ·Ac
)
Θ′ab
{
∂ ·Aa
(
2ξ1 +
ξ4
λ
)
+ η ·Aaξ3}+
(
M˜abc¯b − gfabcc¯bη ·Ac
)
Θ′ab
{
(∂ · Aa)
(
ξ3 +
ξ5
λ
)
+ 2ξ2(η ·A
a)}+
(
dξ1
dκ
−
γ
λ
)
(∂ ·Aa)2 +
dξ2
dκ
(η · Aa)2
+ (∂ · Aa)(η ·Aa)
(
dξ3
dκ
+
γ
λ
)
+
(
dξ4
dκ
+ γ
)
caMabc¯b +
(
dξ5
dκ
− γ
)
caM˜abc¯b
− gfabcc¯bcc(∂ · Aa)
(
dξ4
dκ
+ γ
)
− gfabcc¯bcc(η ·Aa)
(
dξ5
dκ
− γ
)]
= 0. (3.72)
The last four terms in the integrand of Eq. (3.72) are dependent on c in a local fashion. The
contribution of these terms can possibly vanish by ghost equation of motion [27, 37].∫
Dca
δ
δca
ei(Seff+S1) = 0. (3.73)
This can only happen if the ratio of coefficients of the four terms is identical to the ratio of
coefficients of c¯aMabcb and c¯aM˜abcb in SLeff + S1. This requires that
dξ4/dκ + γ
ξ4 + 1
=
dξ5/dκ − γ
ξ5
. (3.74)
The nonlocal Θ′ab dependent terms are cancelled by converting them to local terms using ghost
equation of motion [37]. This occurs only if the two Θ′ab dependent terms combine in a certain
manner, depending again on the ratio of coefficients of c¯aMabcb and c¯aM˜abcb in terms in SLeff+S1.
i.e.
2ξ1 + ξ4/λ
ξ4 + 1
=
ξ3 + ξ5/λ
ξ5
,
ξ3
ξ4 + 1
=
2ξ2
ξ5
,
dξ4/dκ + γ
ξ4 + γ
=
dξ5/dκ− γ
ξ5
. (3.75)
Comparing the coefficients of (∂ · Aa)2, (η · Aa)2, (∂ · Aa)(η · Aa), (caMabc¯b − gfabcc¯bcc∂ · Aa)
and (caM˜abc¯b − gfabcc¯bccη · Aa) respectively, we get
dξ1
dκ
−
γ
λ
+ γ
(
2ξ1 +
ξ4
λ
)
+ γ
(
ξ3 +
ξ5
λ
)
= 0, (3.76)
dξ2
dκ
− γξ3 − 2γξ2 = 0, (3.77)
dξ3
dκ
+
γ
λ
+ γξ3 − γ
(
2ξ1 +
ξ4
λ
)
+ 2γξ2 − γ
(
ξ3 +
ξ5
λ
)
= 0, (3.78)
dξ4
dκ
+ γ = 0,
dξ5
dκ
− γ = 0. (3.79)
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The solutions of the above equations (3.76) to (3.79) (for γ = 1) are
ξ1 =
1
2λ
[
1− (κ− 1)2
]
, ξ2 = −
κ2
2λ
,
ξ3 =
1
λ
κ(κ− 1), ξ4 = −κ, ξ5 = κ. (3.80)
Putting these in the expression for S1, we have
S1(κ = 1) =
∫
d4x
[
(∂ · Aa)2
2λ
−
(η · Aa)2
2λ
− caMabc¯b + caM˜abc¯b
+ gfabcc¯bcc∂ ·Aα − gfabcc¯bccη ·Aa
]
. (3.81)
The new effective action becomes S′eff = S
L
eff + S1. In this case,
SLeff + S1 =
∫
d4x
[
−
1
4
F aµνF
aµν −
1
2λ
(η · Aa)2 + caM˜abc¯b
− gfabcc¯bcc(η · A)a
]
= SAeff , (3.82)
which is nothing but the FP effective action in axial gauge.
Thus, the generating functional corresponding to Lorentz gauge and axial gauge can also
be related by FF-anti-BRST transformation. We observe FF-anti-BRST transformation plays
exactly the same role as FFBRST transformation in this example.
3.3.3 Lorentz gauge and Coulomb gauge in YM theory
To show the connection between generating functional corresponding to the effective action in
Lorentz gauge to that of the effective action in Coulomb gauge through FF-anti-BRST trans-
formation, we choose the parameter,
Θ′ab = −iγ
∫
d4x ca(∂ ·Aa − ∂jA
ja). (3.83)
Using equation (3.56), we calculate the change in Jacobian as
1
J
dJ
dκ
= iγ
∫
d4x
[
(∂ · Aa)2
λ
−
(∂ · Aa)(∂jA
ja)
λ
− caMabc¯b + ca(M˜ ′c¯)a
+ gfabcc¯bcc∂ ·Aa − gfabcc¯bcc∂jA
ja
]
, (3.84)
where M˜ ′ = ∂jD
j .
We make an ansatz for S1 looking at the different terms in the effective action in Lorentz
gauge and Coulomb gauge as
S1 =
∫
d4x
[
ξ1(κ)(∂ · A
a)2 + ξ2(κ)(∂jA
ja)2 + ξ3(κ)(∂ ·A
a)(∂jA
ja)
+ ξ4(κ)
(
caMabc¯b − gfabcc¯bcc∂ · Aa
)
+ ξ5(κ)
(
ca(M˜ ′c¯)a
− gfabcc¯bcc∂jA
ja
)]
. (3.85)
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S1 will be the part of the new effective action if and only if the condition in Eq. (2.9) is satisfied.
The condition in this particular case reads as∫
[Dφ] ei(S
L
eff+S1)
[(
Mabc¯b − gfabcc¯b∂ ·Ac
)
Θ′ab
{
(∂ · Aa)
(
2ξ1 +
ξ4
λ
)
+ (∂jA
ja)ξ3
}
+
(
(M˜ ′c¯)a − gfabcc¯b∂jA
jc
)
Θ′ab
{
(∂ ·Aa)
(
ξ3 +
ξ5
λ
)
+ 2ξ2(∂jA
ja)
}
+
(
dξ1
dκ
−
γ
λ
)
(∂ ·Aa)2 +
dξ2
dκ
(∂jA
ja)
2
+ (∂ ·Aa)(∂jA
ja)
(
dξ3
dκ
+
γ
λ
)
+
(
dξ4
dκ
+ γ
)
caMabc¯b +
(
dξ5
dκ
− γ
)
ca(M˜ ′c¯)a
− gfabcc¯bcc(∂ ·Aa)
(
dξ4
dκ
+ γ
)
− gfabcc¯bcc(∂jA
ja)
(
dξ5
dκ
− γ
)]
= 0. (3.86)
Following the similar procedure as in the previous subsection, we obtain S1 at κ = 1 as
S1 =
∫
d4x
[
(∂ ·Aa)2
2λ
−
(∂jA
ja)2
2λ
− caMabc¯b + ca(M˜ ′c¯)a + gfabcc¯bcc∂ · Aa
− gfabcc¯bcc∂jA
ja
]
. (3.87)
Adding this part to SLeff we obtain
SLeff + S1(κ = 1) =
∫
d4x
[
−
1
4
F aµνF aµν −
(∂jA
ja)2
2λ
+ ca(M˜ ′c¯)a
− gfabcc¯bcc∂jA
ja
]
=
∫
d4x
[
−
1
4
F aµνF aµν −
(∂jA
ja)2
2λ
− c¯a(M˜ ′c)a
]
= SCeff , (3.88)
which is effective action in Coulomb gauge. Thus, the generating functionals corresponding to
Lorentz gauge and Coulomb gauge can also be related by FF-anti-BRST transformation.
3.3.4 FP theory to most general BRST/anti-BRST invariant theory
In all previous examples we consider the effective theory in different gauges. However, similar
to FFBRST transformation, FF-anti-BRST transformation can also relate the different effective
theories. In order to connect two different theories viz. YM effective action in Lorentz gauge and
the most general BRST/anti-BRST invariant action in Lorentz gauge, we consider infinitesimal
field dependent parameter as
Θ′ab = −iγ
∫
d4x cafabcc¯bcc. (3.89)
Then, corresponding to the above Θ′ab the change in Jacobian, using the Eq.(3.56), is calculated
as
1
J
dJ
dκ
= iγ
∫
d4x
[
2
∂ ·Aa
λ
fabcc¯bcc + gfabcc¯bccfalmc¯lcm
]
. (3.90)
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Looking at the kind of terms present in the FP effective action in Lorentz gauge and in the most
general BRST/anti-BRST invariant effective action in Lorentz gauge, we try an ansatz for S1
as
S1 =
∫
d4x
[
ξ1(κ)f
abc∂ ·Aac¯bcc + ξ2(κ)f
abcc¯bc¯cfalmclcm
]
. (3.91)
S1 can be expressed as e
iS1 iff it satisfies the condition mentioned in Eq. (2.9). The condition
for this case is calculated as∫
[Dφ] ei(S
L
eff+S1)
[
fabc∂ ·Aac¯bcc
(
dξ1
dκ
−
2γ
λ
)
+ fabcc¯bc¯cfalmclcm
(
dξ2
dκ
+
γg
2
− γξ1
)
+ fabcc¯bc¯cfalmcl∂ · AmΘ′ab
(
ξ21
2
−
gξ1
2
−
2ξ2
λ
)]
= 0. (3.92)
We look for a special solution corresponding to the condition
ξ21
2
−
gξ1
2
−
2ξ2
λ
= 0. (3.93)
The coefficient of fabc∂ ·Aac¯bcc and fabcc¯bc¯cfalmclcm gives respectively
dξ1
dκ
−
2γ
λ
= 0, (3.94)
dξ2
dκ
+
gγ
2
− γξ1 = 0. (3.95)
For a particular γ = αλg4 , the solutions of above two equations are
ξ1 =
α
2
gκ, (3.96)
ξ2 = −
α
8
λg2κ+
α2
16
λg2κ2. (3.97)
At κ = 1
S1 =
∫
d4x
[α
2
gfabc∂ ·Aac¯bcc −
α
8
(
1−
α
2
)
λg2fabcc¯bc¯cfalmclcm
]
. (3.98)
Hence,
SLeff + S1 =
∫
d4x
[
−
1
4
F aµνF aµν −
(∂ ·Aa)2
2λ
+ ∂µc¯aDabµ c
b
+
α
2
gfabc∂ ·Aac¯bcc −
1
8
α(1 −
1
2
α)λg2fabcc¯bc¯cfalmclcm
]
= SABeff [A, c, c¯]. (3.99)
which is most general BRST/anti-BRST invariant effective action.
Thus, the generating functional corresponding to most general effective actions in Lorentz
gauge can also be related through FF-anti-BRST transformation. We observe that FF-anti-
BRST transformation plays the same role as of the FFBRST transformation but with different
parameters.
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3.4 Off-shell nilpotent FF-anti-BRST transformation
The FF-anti-BRST transformation, we have constructed in previous section, is on-shell nilpotent.
In this section, we construct FF-anti-BRST transformation which is off-shell nilpotent. For this
purpose, we consider the following effective action for YM theories in auxiliary field formulation
in Lorentz gauge
SLeff =
∫
d4x
[
−
1
4
F aµνF aµν +
λ
2
(Ba)2 −Ba∂ · Aa + caMabc¯b
− gfabcc¯bcc(∂ ·A)a
]
. (3.100)
This effective action is invariant under anti-BRST transformation mentioned in Eq. (3.43).
Following the procedure outlined in the section 3.2, we obtain the FF-anti-BRST transformation
in auxiliary field formulation as,
δbA
a
µ = (Dµc¯)
a Θab(A, c, c¯, B), δbc¯
a = −
1
2
gfabcc¯bc¯c Θab(A, c, c¯, B),
δbc
a = (−Ba − gfabcc¯bcc) Θab(A, c, c¯, B),
δbB
a = −gfabcBbc¯c Θab(A, c, c¯, B), (3.101)
which also leaves the effective action in Eq. (3.100) invariant. Now, we consider the different
choices of the parameter Θ′ab(A, c, c¯, B) in auxiliary field formulation to connect different theories.
We redo the same examples using off-shell FF-anti-BRST transformation.
3.4.1 YM theory in Lorentz gauge to Coulomb gauge
The effective action for YM theory in Coulomb gauge can be written after rearranging the ghost
term as
SCeff =
∫
d4x
[
−
1
4
F aµνF aµν +
λ
2
(Ba)2 −Ba∂jAaj + c
a(M˜ ′c¯)a
− gfabcc¯bcc∂jA
ja
]
. (3.102)
To show the connection of this theory with the theory in Lorentz gauge, we choose the following
infinitesimal field dependent parameter:
Θ′ab = −i
∫
d4x ca[γ1λB
a + γ2(∂ ·A
a − ∂jAaj )]. (3.103)
Using the above Θ′ab, we find the change in Jacobian as
1
J
dJ
dκ
= i
∫
d4x
[
λγ1(B
a)2 + γ2B
a∂ ·Aa − γ2B
a∂jAaj + γ2gf
abcc¯bcc∂ ·Aa
− γ2gf
abcc¯bcc∂jAaj − γ2c
aMabc¯b + γ2c
a(M˜ ′c¯)a
]
. (3.104)
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We make an ansatz for S1 as
S1 =
∫
d4x
[
ξ1(κ)(B
a)2 + ξ2(κ)B
a∂ · Aa + ξ3(κ)B
a∂jAaj
+ ξ4(κ)
(
caMabc¯b − gfabcc¯bcc∂ ·Aa
)
+ ξ5(κ)
(
ca(M˜ ′c¯)a
− gfabcc¯bcc∂jA
ja
)]
. (3.105)
The essential requirement for replacing the Jacobian as eiS1 mentioned in Eq. (2.9) is satisfied
iff ∫
[Dφ] ei(S
L
eff+S1)
[
(Ba)2
(
dξ1
dκ
− λγ1
)
+Ba∂ ·Aa
(
dξ2
dκ
− γ2
)
+ Ba∂jAaj
(
dξ3
dκ
+ γ2
)
− c¯aMabca
(
dξ4
dκ
+ γ2
)
− c¯a(M˜ ′c)a
(
dξ5
dκ
− γ2
)
+ {Mabc¯b − gfabcc¯b∂ · Ac}Θ′ab{B
a(ξ2 + ξ4)}+ {(M˜
′c¯)a − gfabcc¯b∂jAcj}Θ
′
ab
{Ba(ξ3 + ξ5)}] = 0. (3.106)
The last two terms in the integrand of Eq. (3.106) are dependent on c in a local fashion. The
contribution of these terms can possibly vanish by ghost equation of motion given in Eq. (3.73),
This can only happen if the ratio of coefficients of the two terms is identical to the ratio of
coefficients of c¯aMabcb and c¯a(M˜ ′c)a in SLeff + S1. The nonlocal terms become local, only if, it
satisfy the following conditions:
dξ4/dκ+ γ2
ξ4 + 1
=
dξ5/dκ − γ2
ξ5
, (3.107)
and
ξ2 + ξ4
ξ4 + 1
=
ξ3 + ξ5
ξ5
. (3.108)
We further obtain equations for the parameter ξi by vanishing the coefficient of different inde-
pendent terms in the L.H.S. of the Eq. (3.106) as
dξ1
dκ
− γ1λ+ γ1λ(ξ2 + ξ4) + γ1λ(ξ3 + ξ5) = 0,
dξ2
dκ
− γ2 + γ2(ξ2 + ξ4) + γ2(ξ3 + ξ5) = 0,
dξ3
dκ
+ γ2 − γ2(ξ2 + ξ4)− γ2(ξ3 + ξ5) = 0,
dξ4
dκ
+ γ2 = 0,
dξ5
dκ
− γ2 = 0. (3.109)
We determine the parameter ξi subjected to the initial condition in Eq. (3.17) as
ξ1 = γ1λκ, ξ2 = κ, ξ3 = −κ,
ξ4 = −κ, ξ5 = κ. (3.110)
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Using the above solutions for ξi, we write S1 at κ = 1 as
S1 =
∫
d4x
[
λγ1(B
a)2 +Ba∂ · Aa −Ba∂jA
ja − caMabc¯b + gfabcc¯acb∂ · Ac
+ ca(M˜ ′c¯)a − gfabcc¯bcc∂jA
ja
]
. (3.111)
Now, when this S1 is added to the effective action S
L
eff , it provides effective action in Coulomb
gauge as
SLeff + S1 =
∫
d4x
[
−
1
4
F aµνF aµν +
ζ
2
(Ba)2 −Ba∂jAaj + c
a(M˜ ′c¯)a
− gfabcc¯bcc∂jA
ja
]
,
=
∫
d4x
[
−
1
4
F aµνF aµν +
ζ
2
(Ba)2 −Ba∂jAaj − c¯
a(M˜ ′c)a
]
,
= S′Ceff , (3.112)
which is the effective action in Coulomb gauge with gauge parameter ζ.
Thus, FF-anti-BRST in auxiliary field formulation produces the same result as expected,
even though the finite finite parameter is different.
3.4.2 Lorentz gauge to axial gauge theory
We repeat the same steps as in the previous subsection again for this case, with a different finite
field dependent parameter obtainable from
Θ′ab = −i
∫
d4xca [γ1λB
a + γ2(∂ · A
a − η · Aa)] , (3.113)
using Eq. (3.55) and consider the ansatz for S1 as
S1 =
∫
d4x
[
ξ1(κ)(B
a)2 + ξ2(κ)B
a∂ · Aa + ξ3(κ)B
aη · Aa
+ ξ4(κ)(c
aMabc¯b − gfabcc¯bcc∂ · Aa) + ξ5(κ)(c
aM˜abc¯b
− gfabcc¯bccη · Aa)
]
. (3.114)
The condition for which the Jacobian of FF-anti-BRST transformation in auxiliary field formu-
lation corresponding to the parameter given in Eq. (3.113) can be replaced as eiS1 is,∫
[Dφ] ei(S
L
eff+S1)
[{
Mabc¯b − gfabcc¯b(∂ · Ac)
}
Θ′ab {B
a(ξ2 + ξ4)}
+
{
M˜abc¯b − gfabcc¯b(η · Ac)
}
Θ′ab {B
a(ξ3 + ξ5)}+ (B
a)2
(
dξ1
dκ
− λγ1
)
+ Ba∂ ·Aa
(
dξ2
dκ
− γ2
)
+Baη ·Aa
(
dξ3
dκ
+ γ2
)
+ caMabc¯b
(
dξ4
dκ
+ γ2
)
+ caM˜abc¯b
(
dξ5
dκ
− γ2
)
− gfabcc¯bcc∂ · Aa
(
dξ4
dκ
+ γ2
)
− gfabcc¯bccη ·Aa
(
dξ5
dκ
− γ2
)]
= 0. (3.115)
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Following the previous subsection, we solve the differential equations, which are obtained from
the above condition, to calculate the values of parameters ξi.
After calculating the exact values of ξi, the extra piece of the action S1 becomes as
S1 =
∫
d4x
[
λγ1(B
a)2 +Ba∂ · Aa −Baη ·Aa + c¯aMabc¯b − c¯aM˜abc¯b
]
. (3.116)
Now,
SLeff + S1 =
∫
d4x
[
−
1
4
F aµνF aµν +
ζ
2
(Ba)2 −Baη ·Aa − c¯aM˜abcb
]
= S′Aeff , (3.117)
where S′Aeff is the effective action in axial gauge with gauge parameter ζ.
This implies off-shell nilpotent FF-anti-BRST also produces the same result even though
calculations are different.
3.4.3 Lorentz gauge theory to most general BRST/anti-BRST invariant
theory
We consider one more example in FF-anti-BRST formulation using auxiliary field. We show
that the most general BRST/anti-BRST invariant theory can be obtained from FP theory in
Lorentz gauge. The most general effective action which is invariant under BRST/anti-BRST
transformation in auxiliary field is given in Eq. (3.41). We choose
Θ′ab = −i
∫
d4x ca
[
γ1λB
a + γ2f
abcc¯bcc
]
. (3.118)
and make an ansatz for S1 as
S1 =
∫
d4x
[
ξ1(κ)(B
a)2 + ξ2(κ)B
afabcc¯bcc + ξ3(κ)f
abcc¯bc¯cfalmclcm
]
. (3.119)
The condition in Eq. (2.9) leads to∫
[Dφ] ei(S
L
eff+S1)
[(
dξ1
dκ
− γ1λ
)
Ba2 +
(
dξ2
dκ
− 2γ2
)
Bafabcc¯bcc
+
(
dξ3
dκ
+
g
2
γ2
)
fabcc¯bc¯cfalmclcm −
(g
2
ξ2 + 2ξ3
)
fabcBbccfalmc¯lc¯mΘ′ab
]
= 0. (3.120)
Using the same procedure we obtain the solutions for the parameter ξi, exactly same as in Eq.
(3.50). Even if the finite parameter is different in FFBRST and FF-anti-BRST, we obtain the
same contribution from Jacobian in this case as
S1 =
∫
d4x
[
γ1λ(B
a)2 +
αgζ
2
Bafabcc¯bcc −
1
8
αg2ζfabcc¯bc¯cfalmclcm
]
. (3.121)
Now, SLeff +S1 = S
′AB
eff , which is nothing but most general BRST/anti-BRST invariant effective
action with gauge parameter ζ mentioned in Eq. (3.51). In all three cases we show that off-shell
nilpotent FF-anti-BRST transformation plays exactly same role as on-shell nilpotent FF-anti-
BRST transformation but with different finite parameters.
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3.5 Conclusions
In this chapter we have reformulated the FFBRST transformation in an auxiliary field formula-
tion where the BRST transformation is off-shell nilpotent. We have considered several examples
with different choices of finite parameter to connect the different effective theories. Most of the
results of the FFBRST transformation are also obtained in auxiliary field formulation. We have
further introduced and developed for first time the concept of the FF anti-BRST transforma-
tion analogous to the FFBRST transformation. FF-anti-BRST transformation is also used to
connect the different generating functionals corresponding to different effective theories. Several
examples have been worked out explicitly to show that the FF-anti-BRST transformation also
plays the same role as of FFBRST transformation but with different finite parameters. Lastly,
we consider the FF-anti-BRST transformation in auxiliary field formulation to make it off-shell
nilpotent. The overall multiplicative antighost fields in the finite parameters of the FFBRST
transformation are replaced by ghost fields in case of the FF-anti-BRST transformation. Even
though the finite parameters and hence the calculations are different, the same results are also
produced in an auxiliary field formulation of the FF-anti-BRST transformation. The BRST
and the anti-BRST transformations are not independent transformations in the YM theories.
We observe that the FF-anti-BRST transformation plays exactly the same role in connecting
theories in 1-form gauge theory as expected. In 2-form gauge theories the BRST and anti-BRST
transformations play some sort of independent roles. Therefore, it will be interesting to study
the finite field dependent BRST and anti-BRST transformations in 2-form gauge theories [45],
which we will discuss in the next chapter.
Chapter 4
FFBRST formulation in 2-form
gauge theory
In this chapter we extend FFBRST formulation to Abelian 2-form gauge theories and show
that it relates generating functional corresponding to different effective theories [45]. We further
construct FF-anti-BRST transformation for such theories to show that it plays same role as in
the case of 1-form gauge theories. Field/antifield formulation of 2-form gauge theories are also
studied in the context of FFBRST transformation.
4.1 Preliminary: gauge theory of Abelian rank-2
antisymmetric tensor field
We consider the Abelian gauge theory for rank-2 antisymmetric tensor field Bµν defined by the
action
S0 =
1
12
∫
d4xFµνρF
µνρ, (4.1)
where Fµνρ ≡ ∂µBνρ + ∂νBρµ + ∂ρBµν . This action is invariant under the gauge transformation
δBµν = ∂µζν − ∂νζµ with a vector gauge parameter ζµ(x).
To quantize this theory using BRST transformation, it is necessary to introduce the following
ghost and auxiliary fields: anticommuting vector fields ρµ and ρ˜µ, a commuting vector field βµ,
anticommuting scalar fields χ and χ˜, and commuting scalar fields σ, ϕ, and σ˜. The BRST
transformation is then defined for Bµν by replacing ζµ in the gauge transformation by the ghost
field ρµ.
The complete effective action for this theory in covariant gauge, using the BRST formulation,
is given by
SLeff = S0 + Sgf + Sgh, (4.2)
with the gauge-fixing and ghost term
Sgf + Sgh =
∫
d4x [−i∂µρ˜ν(∂
µρν − ∂νρµ) + ∂µσ˜∂
µσ + βν(∂µB
µν + λ1β
ν
− ∂νϕ)− iχ˜∂µρ
µ − iχ(∂µρ˜
µ − λ2χ˜)] , (4.3)
where λ1 and λ2 are gauge parameters. This effective action is invariant under following BRST
and anti-BRST symmetries.
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BRST:
δbBµν = −(∂µρν − ∂νρµ)Λ, δbρµ = −i∂µσΛ,
δbσ = 0, δbρ˜µ = iβµΛ, δbσ˜ = −χ˜Λ,
δbβµ = 0, δbχ˜ = 0, δbϕ = −χΛ, δbχ = 0, (4.4)
anti-BRST:
δabBµν = −(∂µρ˜ν − ∂ν ρ˜µ)Λ, δabρ˜µ = −i∂µσ˜Λ,
δabσ˜ = 0, δabρµ = −iβµΛ, δabσ = −χΛ,
δabβµ = 0, δabχ = 0, δabϕ = χ˜Λ, δabχ˜ = 0, (4.5)
where the BRST parameter Λ is global, infinitesimal and anticommuting in nature. The anti-
BRST transformation is similar to the BRST transformation, where the role of ghost and
antighost field is interchanged with some modification in coefficients. The generating func-
tional for this Abelian rank 2 antisymmetric tensor field theory in a covariant gauge is defined
as,
ZL =
∫
Dφ exp[iSLeff [φ]], (4.6)
where φ is the generic notation for all the fields (Bµν , ρµ, ρ˜µ, βµ, ϕ, σ, σ˜, χ, χ˜).
The BRST and anti-BRST transformations in Eqs. (4.4) and (4.5) respectively
leave the above generating functional invariant as, the path integral measure Dφ ≡
DBDρDρ˜DβDσDϕDσ˜DχDχ˜ is invariant under such transformations.
4.2 FFBRST formulation of Abelian rank 2 anti-symmetric
tensor field
To generalized the BRST transformation for this theory we follow the method outlined in chapter
2. We start by making the infinitesimal BRST parameter field dependent by introducing a
parameter κ (0 ≤ κ ≤ 1). All the fields φ(x, κ) dependent on κ in such a way that φ(x, κ =
0) = φ(x) and φ(x, κ = 1) = φ′(x), the transformed field. It can easily be shown that such
off-shell nilpotent BRST transformation with finite field dependent parameter is symmetry of
the effective action in Eq. (4.2). However, the path integral measure in Eq. (4.6) is not invariant
under such transformation as the BRST parameter is finite.
The Jacobian of the path integral measure for such transformations can be evaluated for
some particular choices of the finite field dependent parameter, Θb[φ(x)], as
DB′Dρ′Dρ˜′Dβ′Dσ′Dσ˜′Dχ′Dχ˜′ = J(κ)DB(κ)Dρ(κ)Dρ˜(κ)Dβ(κ)Dσ(κ)
Dσ˜(κ)Dχ(κ)Dχ˜(κ). (4.7)
The Jacobian, J(κ) can be replaced (within the functional integral) as
J(κ)→ exp[iS1[φ(x, κ)]], (4.8)
iff the condition given in Eq. (2.9) is satisfied. However, the infinitesimal change in the J(κ)
can be calculated using Eq. (2.13).
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By choosing appropriate Θb, we can change Seff either to another effective action for same
theory or to an effective action for another theory. The resulting effective action also be invariant
under same BRST transformation.
4.3 FFBRST transformation in 2-form gauge theory:
examples
In this section, we would like to show explicitly that the FFBRST transformation interrelates
the different effective 2-form gauge theories. In particular, we are interested to obtain the
effective theories for Abelian rank-2 tensor field in noncovariant gauges by applying FFBRST
transformation to the effective theories in covariant gauge.
4.3.1 Effective theory in axial gauge
We start with the generating functional corresponding to the effective theory in Lorentz gauge
given in Eq. (4.6), where the Lorentz gauge effective action SLeff is invariant under following
FFBRST:
δbBµν = −(∂µρν − ∂νρµ)Θb[φ]
δbρµ = −i∂µσΘb[φ], δbσ = 0
δbρ˜µ = iβµΘb[φ], δbβµ = 0
δbσ˜ = −χ˜Θb[φ], δbχ˜ = 0
δbϕ = −χΘb[φ], δbχ = 0, (4.9)
where Θb is a finite, anticommuting BRST parameter depends on the fields in global manner.
To obtain the effective theories in axial gauge we choose the finite parameter obtainable from
Θ′b =
∫
d4x [γ1ρ˜ν(∂µB
µν − ηµB
µν − ∂νϕ− ηνϕ) + γ2λ1ρ˜νβ
ν
+ γ1σ˜(∂µρ
µ − ηµρ
µ) + γ2λ2σ˜χ] , (4.10)
where γ1 and γ2 are arbitrary parameters (depend on κ) and ηµ is arbitrary constant four vector.
Now we apply this FFBRST transformation to the generating functional ZL given in Eq. (4.6).
The path integral measure is not invariant and give rise a nontrivial functional eiS
A
1 (explicitly
shown in Appendix A), where
SA1 =
∫
d4x[−βν∂µB
µν + βνηµB
µν + γ2λ1βνβ
ν − iρ˜ν∂µ(∂
µρν − ∂νρµ)
+ iρ˜νηµ(∂
µρν − ∂νρµ) + iγ2λ2χχ˜+ iχ˜∂µρ
µ − iχ˜ηµρ
µ
+ σ˜∂µ∂
µσ − σ˜ηµ∂
µσ − ∂µβ
µϕ+ ηµβ
µϕ+ iχ∂µρ˜
µ − iχηµρ˜
µ]. (4.11)
Now, adding this SA1 to S
L
eff , we get
SLeff + S
A
1 ≡ S
A
eff , (4.12)
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where
SAeff =
∫
d4x
[
1
12
FµνρF
µνρ + iρ˜νηµ(∂
µρν − ∂νρµ)− σ˜ηµ∂
µσ + βν(ηµB
µν
+ λ′1β
ν + ηνϕ)− iχ˜ηµρ
µ − iχ(ηµρ˜
µ − λ′2χ˜)
]
, (4.13)
is the effective action in axial gauge with new gauge parameters λ′1 = (1 + γ2)λ1 and λ
′
2 =
(1 + γ2)λ2. Thus, the FFBRST transformation with the finite parameter given in Eq. (4.9)
takes
ZL
(
=
∫
DφeiS
L
eff
)
FFBRST
−−−−− −→ ZA
(
=
∫
DφeiS
A
eff
)
. (4.14)
The effective theory of Abelian rank-2 antisymmetric field in axial gauge is convenient in many
different situations. The generating functional in axial gauge with a suitable axis is same as
the generating functional obtained by using Zwanziger’s formulation for electric and magnetic
charges [54, 100]. Using the FFBRST transformation with the parameter given in Eq. (4.10)
we have linked generating functionals corresponding to the effective theories in covariant and
noncovariant gauges.
4.3.2 Effective theory in Coulomb gauge
The generating functional for the effective theories in Coulomb gauge is also obtained by using
the FFBRST transformation with a different parameter
Θ′b =
∫
d4x
[
γ1ρ˜ν(∂µB
µν − ∂iB
iν − ∂νϕ) + γ1ρ˜i∂
iϕ+ γ2λ1ρ˜νβ
ν
+ γ1σ˜(∂µρ
µ − ∂iρ
i) + γ2λ2σ˜χ
]
. (4.15)
The effective action in Lorentz gauge, SLeff as given in Eq. (4.2) is invariant under FFBRST
transformation in Eq. (4.9) corresponding to above mentioned finite parameter. Now we consider
the effect of this FFBRST transformation on the generating functional in Lorentz gauge.
In Appendix A, it has been shown that the Jacobian for the path integral measure corre-
sponding to this FFBRST transformation is replaced by eiS
C
1 , where SC1 is the local functional
of fields calculated as
SC1 =
∫
d4x
[
−βν∂µB
µν + βν∂iB
iν + γ2λ1βνβ
ν − iρ˜ν∂µ(∂
µρν − ∂νρµ)
+ iρ˜ν∂i(∂
iρν − ∂νρi) + iγ2λ2χχ˜+ iχ˜∂µρ
µ − iχ˜∂iρ
i
+ σ˜∂µ∂
µσ − σ˜∂i∂
iσ − ∂µβ
µϕ+ ∂iβ
iϕ+ iχ∂µρ˜
µ − iχ∂iρ˜
i
]
, (4.16)
and this extra piece of the action can be added to the effective action in covariant gauge to lead
a new effective action
SLeff + S
C
1 =
∫
d4x
[
1
12
FµνρF
µνρ + iρ˜ν∂i(∂
iρν − ∂νρi)− σ˜∂i∂
iσ
+ βν(∂iB
iν + λ′1β
ν)− βi∂
iϕ− iχ˜∂iρ
i − iχ(∂iρ˜
i − λ′2χ˜)
]
≡ SCeff , (4.17)
which is an effective action in Coulomb gauge for Abelian rank 2 tensor field. Thus, we study
the Abelian 2-form gauge theory in Coulomb gauge more rigorously through its connection with
Lorentz gauge via finite BRST transformation.
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4.4 FF-anti-BRST transformation in 2-form gauge theories
In this section, we consider the generalization of anti-BRST transformation following the sim-
ilar method as discussed in section 2 and show it plays exactly similar role in connecting the
generating functionals in different effective theories of Abelian rank-2 antisymmetric tensor field.
4.4.1 Lorentz to axial gauge theory using FF-anti-BRST formulation
For sake of convenience we recast the effective action in covariant gauge given in Eq. (4.2) as
SLeff =
∫
d4x
[
1
12
FµνρF
µνρ + i∂µρν(∂
µρ˜ν − ∂ν ρ˜µ) + ∂µσ∂
µσ˜ + βν(∂µB
µν
+ λ1β
ν − ∂νϕ)− iχ∂µρ˜
µ − iχ˜(∂µρ
µ + λ2χ)] , (4.18)
which is invariant under following FF-anti-BRST transformation:
δabBµν = −(∂µρ˜ν − ∂ν ρ˜µ)Θab[φ]
δabρ˜µ = −i∂µσ˜Θab[φ], δabσ˜ = 0
δabρµ = −iβµΘab[φ], δabβµ = 0
δabσ = −χΘab[φ], δabχ = 0
δabϕ = χ˜Θab[φ], δabχ˜ = 0, (4.19)
where Θab is finite field dependent anti-BRST parameter.
To obtain the generating functional in axial gauge using FF-anti-BRST transformation we
choose,
Θ′ab = −
∫
d4x [γ1ρν(∂µB
µν − ηµB
µν − ∂νϕ− ηνϕ) + γ2λ1ρνβ
ν
− γ1σ(∂µρ˜
µ − ηµρ˜
µ) + γ2λ2σχ˜] . (4.20)
This parameter is similar to Θ′b in Eq. (4.10) except the (anti)ghost and ghost of (anti)ghost
fields are replaced by their antighost fields respectively.
Similar to FFBRST case, this FF-anti-BRST transformation changes the Jacobian in the
path integral measure by a factor eiS
A
1 , where SA1 is a local functional of fields and is given by
SA1 =
∫
d4x[−βν∂µB
µν + βνηµB
µν + γ2λ1βνβ
ν + iρν∂µ(∂
µρ˜ν − ∂ν ρ˜µ)
− iρνηµ(∂
µρ˜ν − ∂ν ρ˜µ) + iγ2λ2χχ˜+ iχ∂µρ˜
µ − iχηµρ˜
µ
+ σ∂µ∂
µσ˜ − σηµ∂
µσ˜ − ∂µβ
µϕ+ ηµβ
µϕ+ iχ˜∂µρ
µ − iχ˜ηµρ
µ]. (4.21)
It is easy to verify that
SL + SA1 =
∫
d4x
[
1
12
FµνρF
µνρ − iρνηµ(∂
µρ˜ν − ∂ν ρ˜µ)− σηµ∂
µσ˜
+ βν(ηµB
µν + λ′1β
ν + ηνϕ)− iχ˜ηµρ
µ − iχ(ηµρ˜
µ − λ′2χ˜)
]
≡ SA, (4.22)
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which is the action in axial gauge in 2-form gauge theory. Thus, the FF-anti-BRST transforma-
tion with the finite parameter given in Eq. (4.19) takes
ZL
(
=
∫
DφeiS
L
eff
)
FF−anti−BRST
−−−−−−− −→ ZA
(
=
∫
DφeiS
A
eff
)
, (4.23)
which shows that the FF-anti-BRST transformation plays the similar role as FFBRST transfor-
mation in 2-form gauge theory but with different finite field dependent parameter.
4.5 Field/Antifield formulation of Abelian rank-2
antisymmetric tensor field theory
In this section we construct field/antifield formulation for Abelian rank-2 antisymmetric tensor
field theory to show that techniques of FFBRST formulation can also be applied in this modern
approach of quantum field theory. For this purpose we express the generating functional in Eq.
(4.6) in field/antifield formulation by introducing antifield φ⋆ corresponding to each field φ with
opposite statistics as,
ZL =
∫
[DBdρDρ˜DσDσ˜DϕDχDχ˜Dβ] exp
[
i
∫
d4x
{
1
12
FµνλF
µνλ −Bµν⋆
(∂µρν − i∂νρµ)− ρ
µ⋆∂µσ + iρ˜
ν⋆βν − σ˜
⋆χ˜− ϕ⋆χ}] . (4.24)
This can be written in compact form as
ZL =
∫
[Dφ] exp [iWΨL(φ, φ
⋆)], (4.25)
whereWΨL(φ, φ
⋆) is an extended action for 2-form gauge theory in Lorentz gauge corresponding
the gauge-fixed fermion ΨL having Grassmann parity 1 and ghost number -1. The expression
for ΨL is
ΨL = −i
∫
d4x [ρ˜ν (∂µB
µν + λ1β
ν) + σ˜∂µρ
µ + ϕ (∂µρ˜
µ − λ2χ˜)] . (4.26)
The generating functional ZL does not depend on the choice of gauge-fixed fermion. This ex-
tended quantum action, WΨL(φ, φ
⋆), satisfies the quantum master equation given in Eq. (2.22).
The antifields φ⋆ corresponding to each field φ for this particular theory can be obtained from
the gauge-fixed fermion as
Bµν⋆ =
δψL
δBµν
= i∂µρ˜ν , ρ˜ν⋆ =
δψL
δρ˜ν
= −i(∂µB
µν + λ1β
ν − ∂νϕ)
ρµ⋆ =
δψL
δρµ
= i∂µσ˜, σ˜⋆ =
δψL
δσ˜
= −i∂µρ
µ
σ⋆ =
δψL
δσ
= 0, βν⋆ =
δψL
δβν
= −iλ1ρ˜
ν
ϕ⋆ =
δψL
δϕ
= −i(∂µρ˜
µ − λ2χ˜), χ˜
⋆ =
δψL
δχ˜
= iλ2ϕ
χ⋆ =
δψL
δχ
= 0. (4.27)
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Now we apply the FFBRST transformation with the finite parameter given in Eq. (4.10) to
this generating functional in Lorentz gauge. But the path integral measure is not invariant
under such a finite transformation and give rise to a factor which can be written as eiS1 , where
the functional S1 is calculated in Appendix A and also given in Eq. (4.11). The transformed
generating functional
Z ′ =
∫
Dφ exp[i{WΨL + S1}],
=
∫
Dφ exp[iWΨA ] ≡ Z
A. (4.28)
The generating functional in axial gauge
ZA =
∫
[DBdρDρ˜DσDσ˜DϕDχDχ˜Dβ] exp
[
i
∫
d4x
{
1
12
FµνλF
µνλ
− i B¯µν⋆ (∂µρν − ∂νρµ)− ρ¯
µ⋆∂µσ + i ¯˜ρ
ν⋆βν − ¯˜σ
⋆χ˜− ϕ¯⋆χ
}]
. (4.29)
The extended action WΨA for 2-form gauge theory in axial gauge also satisfies the quantum
master equation given in (2.22). The gauge-fixed fermion for axial gauge
ΨA = −i
∫
d4x [ρ˜ν (ηµB
µν + λ1β
ν) + σ˜ηµρ
µ + ϕ (ηµρ˜
µ − λ2χ˜)] . (4.30)
and corresponding antifields are
B¯µν⋆ =
δψA
δBµν
= −iηµρ˜ν , ¯˜ρν⋆ =
δψA
δρ˜ν
= −i(ηµB
µν + λ′1β
ν + ηνϕ)
ρ¯µ⋆ =
δψA
δρµ
= −iηµσ˜, ¯˜σ⋆ =
δψA
δσ˜
= −iηµρ
µ
σ¯⋆ =
δψA
δσ
= 0, β¯ν⋆ =
δψA
δβν
= −iλ′1ρ˜
ν
ϕ¯⋆ =
δψA
δϕ
= −i(ηµρ˜
µ − λ′2χ˜), ¯˜χ
⋆ =
δψA
δχ˜
= iλ′2ϕ
χ¯⋆ =
δψA
δχ
= 0. (4.31)
Thus, the FFBRST transformation with finite parameter given in Eq. (4.10) relates the different
solutions of quantum master equation in field/antifield formulation.
4.6 Conclusions
The usual BRST transformation has been generalized for the Abelian rank-2 antisymmetric
tensor field theory by making the parameter finite and field dependent. Such FFBRST trans-
formation is nilpotent and leaves the effective action invariant. However, being finite in nature
such transformations do not leave the path integral measure invariant. We have shown that for
certain choices of finite field dependent parameter, the Jacobian for the path integral of such
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FFBRST transformation always can be written as eiS1 , where S1 is some local functional of fields
and depends on the choice of the finite BRST parameter. S1 can be added with S
L
eff to produce
the new effective action. Thus, the generating functional corresponding to one effective theory
is then linked to the generating functional corresponding to another effective theory through the
FFBRST transformation. In this present work we have shown that the generating functional
corresponding to covariant gauge viz. Lorentz gauge is connected to the generating functional in
noncovariant gauges viz. axial gauge and Coulomb gauge. Thus, the generalized BRST transfor-
mation is helpful in the study of Abelian rank-2 antisymmetric tensor field theory in noncovariant
gauges, which is very useful in certain situation [100]. We further have considered the gener-
alization of anti-BRST transformation and show that even FF-anti-BRST transformation can
connect generating functionals for different effective theories. The FFBRST transformation is
also very useful in modern approach of quantum field theory, namely field/antifield formulation.
With the help of an explicit example we have shown that the different solutions of the mas-
ter equation are related through FFBRST transformation in the field/antifield formulation of
Abelian 2-form antisymmetric tensor field theory.
Chapter 5
FFBRST formulation for
Gribov-Zwanziger (GZ) theory
In this chapter, we develop the FFBRST formulation for the multiplicatively renormalizable
GZ theory which is free from Gribov ambiguity. The mapping between GZ theory and Yang-
Mills (YM) theory, which contains the Gribov copies, is established in Euclidean space [63]. We
further extend this formulation using BV techniques [64].
5.1 GZ theory: brief introduction
In YM theories even after gauge-fixing the redundancy of gauge fields is not completely removed
in certain gauges for large gauge fields (Gribov ambiguity) [53]. In order to resolve such prob-
lem, Gribov and Zwanziger proposed a theory, which restricts the domain of integration in the
functional integral within the first Gribov horizon [54]. It has been shown in Ref. [55] that the
restriction to the Gribov region Ω (defined in such a way that the Faddeev-Popov (FP) operator
is strictly positive. i.e.
Ω ≡ {Aaµ, ∂µA
µa = 0,Mab > 0}), (5.1)
can be imposed by adding a nonlocal term Sh to the standard YM action
SYM = S0 + SGF+FP , (5.2)
where S0 is the kinetic part and SGF+FP is the ghost and gauge(Landau gauge)-fixing part of
the YM action respectively,
S0 =
∫
d4x
[
1
4
F aµνF
µνa
]
,
SGF+FP =
∫
d4x
[
Ba∂µA
µa + c¯a∂µDabµ c
b
]
, (5.3)
and the nonlocal horizon term in 4-dimensional Euclidean space is written as
Sh =
∫
d4xh(x), (5.4)
where the integrand h(x) is called the horizon function. There exist many different choices for
the horizon function in literature [59]. One such horizon term is
h1(x) = γ
4
∫
d4y g2fabcAbµ(x)(M
−1)ce(x, y)fadeAµd(y). (5.5)
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(M−1)ce is the inverse of the Faddeev-Popov operatorMab ≡ −∂µDabµ = −∂
µ(∂µδ
ab+gfacbAcµ).
The Gribov parameter γ can be obtained in a consistent way by solving a gap equation (also
known as horizon condition) [54, 55]
〈h(x)〉 = 4(N2 − 1), (5.6)
where N is the number of colors. Another horizon term which gives the correct multiplicative
renormalizability of the GZ theory is given as [59]
h2(x) = lim
γ(x)→γ
∫
d4y
[(
Dacµ (x)γ
2(x)
)
(M−1)ce(x, y)
(
Dµae(y)γ2(x)
)]
. (5.7)
The nonlocal term (5.4) corresponding to the horizon function (5.7) can be localized as [54, 55]
e−Sh2 =
∫
DϕDϕ¯DωDω¯eSloc , (5.8)
with
Sloc =
∫
d4x
[
ϕ¯ai∂µDabµ ϕ
b
i − ω¯
ai∂µDabµ ω
b
i − γ
2Dµca(ϕacµ (x) + ϕ¯
ac
µ (x))
]
, (5.9)
where a pair of complex conjugate bosonic field (ϕ¯ai , ϕ
a
i ) = (ϕ¯
ac
ν , ϕ
ac
ν ) and anticommuting aux-
iliary fields (ωai , ω¯
a
i ) = (ω
ac
ν , ω¯
ac
ν ), with composite index i = (ν, c), have been introduced. As at
the level of the action, total derivatives are always neglected, Sloc becomes
Sloc =
∫
d4x
[
ϕ¯ai∂µDabµ ϕ
b
i − ω¯
ai∂µDabµ ω
b
i − γ
2gfabcAµa(ϕbcµ (x) + ϕ¯
bc
µ (x))
]
. (5.10)
Here it is concluded that at the local level horizon functions (5.5) and (5.7) are same. So that
the localized GZ action becomes
SGZ = SYM + Sloc = SYM +
∫
d4x
[
ϕ¯ai∂µDabµ ϕ
b
i
− ω¯ai∂µDabµ ω
b
i − γ
2gfabcAµa(ϕbcµ + ϕ¯
bc
µ )
]
. (5.11)
Thus, the local action SGZ and the nonlocal action SYM + Sh are related as the following:∫
[Dφ1]e
−{SYM+Sh2} =
∫
[Dφ]e−SGZ , (5.12)
with
∫
[Dφ1] ≡
∫
[DADBDcDc¯] and
∫
[Dφ] ≡
∫
[DADBDcDc¯DϕDϕ¯DωDω¯]. By differentiating
Eq. (5.12) with respect to γ2 and noting
〈
∂µϕaaµ
〉
=
〈
∂µϕ¯aaµ
〉
= 0, the horizon condition in Eq.
(5.6) is recast as 〈
gfabcAµa(ϕbcµ + ϕ¯
bc
µ )
〉
+ 8γ2(N2 − 1) = 0. (5.13)
The horizon condition can further be written as [59, 62]
∂Γ
∂γ2
= 0, (5.14)
5.2. The nilpotent BRST transformation of GZ action 42
with Γ, the quantum action defined as
e−Γ =
∫
[Dφ]e−SGZ . (5.15)
We see that the horizon condition (5.14) is equivalent to〈
0 | gfabcAµaϕbcµ | 0
〉
+
〈
0 | gfabcAµaϕ¯bcµ | 0
〉
= −8γ2(N2 − 1), (5.16)
which, owing to the discrete symmetry of the action SGZ
ϕ¯acµ → ϕ
ac
µ , ϕ
ac
µ → ϕ¯
ac
µ , B
a → (Ba − gfamnϕ¯mcµ ϕ
µnc), (5.17)
becomes 〈
0 | gfabcAµaϕbcµ | 0
〉
=
〈
0 | gfabcAµaϕ¯bcµ | 0
〉
= −4γ2(N2 − 1). (5.18)
Further, the constant term 4γ4(N2−1) is introduced in SGZ , to incorporate the effect of horizon
condition in the action as
SGZ = SYM +
∫
d4x
[
ϕ¯ai∂µDabµ ϕ
b
i − ω¯
ai∂µDabµ ω
b
i
− γ2gfabcAµa(ϕbcµ + ϕ¯
bc
µ )− 4(N
2 − 1)γ4
]
. (5.19)
For the GZ action to be renormalizable, it is crucial to shift the field ωai , [55]
ωai (x)→ ω
a
i +
∫
d4y(M−1)ab(x, y)gf bkl∂µ[Dkeµ c
e(y)ϕµal(y)], (5.20)
so that the complete GZ action becomes
SGZ = SYM +
∫
d4x
[
ϕ¯ai∂µDabµ ϕ
b
i − ω¯
ai∂µDabµ ω
b
i − gf
abc∂µω¯aiDbdµ c
dϕci
− γ2g
(
fabcAµaϕbcµ + f
abcAµaϕ¯bcµ +
4
g
(N2 − 1)γ2
)]
, (5.21)
which has been shown to be multiplicative renormalizable [59].
5.2 The nilpotent BRST transformation of GZ action
The complete GZ action after localizing the nonlocal horizon term in D dimensional Euclidean
space can be recast as
SGZ = Sexact + Sγ (5.22)
with Sexact, the BRST exact action and Sγ , the action for horizon term, defined as [59]
Sexact = SYM +
∫
d4x
[
ϕ¯ai∂µDabµ ϕ
b
i − ω¯
ai∂µDabµ ω
b
i − gf
abc∂µω¯aiDbdµ c
dϕci
]
,
Sγ = −γ
2g
∫
d4x
[
fabcAµaϕbcµ + f
abcAµaϕ¯bcµ +
4
g
(N2 − 1)γ2
]
. (5.23)
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The conventional BRST transformation for all the fields is given by
δbA
a
µ = D
ab
µ c
b Λ, δbc
a =
1
2
gfabccbcc Λ, δbc¯
a = Ba Λ, δbB
a = 0,
δbϕ
a
i = −ω
a
i Λ, δbω
a
i = 0, δbω¯
a
i = ϕ¯
a
i Λ, δbϕ
a
i = 0, (5.24)
where Λ is usual infinitesimal BRST parameter. But one can check that the BRST symmetry
is broken softly for the GZ action [54],
δbSGZ = δb(Sexact + Sγ) = δbSγ
= γ2g
∫
d4xfabc
(
Aµaωbcµ − (D
µamcm)(ϕ¯bcµ + ϕ
bc
µ )
)
, (5.25)
the breaking is due to the presence of γ dependent term, Sγ .
To discuss the renormalizability of SGZ , Sγ is embedded into a larger action with 3 doublets
of sources (Uaiµ ,M
ai
µ ), (V
ai
µ , N
ai
µ ) and (T
ai
µ , R
ai
µ ) as [59]
Σγ = δb
∫
d4x
(
−Uaiµ D
µabϕbi − V
ai
µ D
µabω¯bi − U
ai
µ V
µa
i + gf
abcT aiµ D
µbdcdω¯ci
)
=
∫
d4x
(
−Maiµ D
µabϕbi − gf
abcUaiµ D
µbdcdϕci + U
ai
µ D
µabωbi
− Naiµ D
µabω¯bi − V
ai
µ D
µabϕ¯bi + gf
abcV aiµ D
µbdcdω¯ci
− Maiµ V
µa
i + U
ai
µ N
µa
i − gf
abcRaiµ D
µbdcdω¯ci + gf
abcT aiµ D
µbdcdϕ¯ci
)
, (5.26)
whereas the sources involved Maiµ , V
ai
µ , R
ai
µ are commuting and U
ai
µ , N
ai
µ , T
ai
µ are fermionic in
nature. The above action is invariant under following BRST transformation:
δbU
ai
µ = M
ai
µ Λ, δbM
ai
µ = 0, δbV
ai
µ = −N
ai
µ Λ,
δbN
ai
µ = 0, δbT
ai
µ = −R
ai
µ Λ, δbR
ai
µ = 0. (5.27)
Therefore, the BRST symmetry has been restored at the cost of introducing new sources. The
different quantum numbers (to study the system properly) of fields and sources, involved in this
theory, are discussed in Ref. [59]. However, we do not want to change our original theory (5.23)
and therefore we choose the sources to have the following values at the end:
Uaiµ |phys = N
ai
µ |phys = T
ai
µ |phys = 0
Mabµν |phys = V
ab
µν |phys = R
ab
µν |phys = γ
2δabδµν . (5.28)
It follows that Σγ |phys = Sγ .
The generating functional for the effective GZ action in Euclidean space is defined as
ZGZ =
∫
[Dφ]e−SGZ , (5.29)
where φ is generic notation for all fields used in GZ action.
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5.3 FFBRST transformation in Euclidean space
The Jacobian, J(κ), of the path integral measure (as given in Eq. (2.7) in the Euclidean space
can be replaced (within the functional integral) as
J(κ)→ exp[−S1[φ(x, κ)]], (5.30)
iff the following condition is satisfied [35]:∫
[Dφ(x)]
[
1
J
dJ
dκ
+
dS1[φ(x, κ)]
dκ
]
exp [−(SGZ + S1)] = 0 (5.31)
where S1[φ] is local functional of fields. The infinitesimal change in the J(κ) can be calculated
using Eq. (2.13).
Now, we generalize the BRST transformation given in Eqs. (5.24) and (5.27) by making
usual BRST parameter finite and field dependent as
δbA
a
µ = D
ab
µ c
b Θb, δbc
a =
1
2
gfabccbcc Θb, δbc¯
a = Ba Θb,
δbϕ
a
i = −ω
a
i Θb, δbω¯
a
i = ϕ¯
a
i Θb, δbU
ai
µ =M
ai
µ Θb, δbV
ai
µ = −N
ai
µ Θb,
δbT
ai
µ = −R
ai
µ Θb, δb[B
a, ωai , ϕ
a
i ,M
ai
µ , N
ai
µ , R
ai
µ ] = 0, (5.32)
where Θb is finite, field dependent, anticommuting and space-time independent parameter. One
can easily check that the above FFBRST transformation is also symmetry of the effective GZ
action (SGZ).
5.4 A mapping between GZ theory and YM theory
In this section we establish the connection between the theories with GZ action and YM action
by using finite field dependent BRST transformation. In particular, we show that the generating
functional for GZ theory in path integral formulation is directly related to that of YM theory
with proper choice of finite field dependent BRST transformation. The nontrivial Jacobian of
the path integral measure is responsible for such a connection. For this purpose we choose a
finite field dependent parameter Θb obtainable from
Θ′b =
∫
d4x
[
ω¯ai∂µDabµ ϕ
b
i − U
ai
µ D
µabϕbi − V
ai
µ D
µabω¯bi
− Uaiµ V
µa
i + T
µaigfabcDbdµ c
dω¯ci
]
, (5.33)
using Eq. (2.5). The infinitesimal change in Jacobian for above Θ′b using Eq. (2.13) is calculated
as
1
J
dJ
dκ
= −
∫
d4x
[
−ϕ¯ai∂µDabµ ϕ
b
i + ω¯
ai∂µDabµ ω
b
i + gf
abc∂µω¯iaDbdµ c
dϕci
+ Maiµ D
µabϕbi − U
ai
µ D
µabωbi + gf
abcUaiµ D
µbdcdϕci +N
ai
µ D
µabω¯bi
+ V aiµ D
µabϕ¯bi − gf
abcV aiµ D
µbdcdω¯ci +M
ai
µ V
µa
i − U
ai
µ N
µa
i
+ gfabcRaiµ D
µbdcdω¯ci − gf
abcT aiµ D
µbdcdϕ¯ci
]
. (5.34)
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Now, the Jacobian for path integral measure in the generating functional (5.29) can be replaced
by e−S1 iff condition (5.31) is satisfied. We consider an ansatz for S1 as
S1 =
∫
d4x
[
χ1(κ)ϕ¯
ai∂µDabµ ϕ
b
i + χ2(κ)ω¯
ai∂µDabµ ω
b
i + χ3(κ)gf
abc∂µω¯iaDbdµ c
dϕci
+ χ4(κ)M
ai
µ D
µabϕbi + χ5(κ)U
ai
µ D
µabωbi + χ6(κ)gf
abcUaiµ D
µbdcdϕci
+ χ7(κ)N
ai
µ D
µabω¯bi + χ8(κ)V
ai
µ D
µabϕ¯bi + χ9(κ)gf
abcV aiµ D
µbdcdω¯ci
+ χ10(κ)M
ai
µ V
µa
i + χ11(κ)U
ai
µ N
µa
i + χ12(κ)gf
abcRaiµ D
µbdcdω¯ci
+ χ13(κ)gf
abcT aiµ D
µbdcdϕ¯ci
]
. (5.35)
where χj(κ)(j = 1, 2, ....., 13) are arbitrary constants which depend on the parameter κ and
satisfy following initial conditions:
χj(κ = 0) = 0. (5.36)
The condition (5.31) with the above S1 leads to∫
[Dφ] e−(Seff+S1)
[
ϕ¯ai∂µDabµ ϕ
b
i (χ
′
1 + 1) + ω¯
ai∂µDabµ ω
b
i (χ
′
2 − 1)
+ gfabc∂µω¯aiD
bd
µ c
dϕci (χ
′
3 − 1) +M
ai
µ D
µabϕbi (χ
′
4 − 1) + U
ai
µ D
µabωbi (χ
′
5 − 1)
+ gfabcUaiµ D
µbdcdϕci (χ
′
6 + 1) +N
ai
µ D
µabω¯bi (χ
′
7 − 1) + V
ai
µ D
µabϕ¯bi (χ
′
8 − 1)
+ gfabcV aiµ D
µbdcdω¯ci (χ
′
9 + 1) +M
ai
µ V
µai(χ′10 − 1) + U
ai
µ N
µai(χ′11 + 1)
+ gfabcRaiµ D
µbdcdω¯ci (χ
′
12 − 1) + gf
abcT aiµ D
µbdcdϕ¯ci (χ
′
13 + 1)
+ gfabcϕ¯ai ∂µD
µbdcdϕciΘ
′
b(χ1 + χ3)− ϕ¯
a
i ∂µD
µabωbiΘ
′
b(χ1 + χ2)
− gfabcω¯ai ∂µD
µbdcdωciΘ
′(χ2 − χ3) + gf
abcMaiµ D
µbdcdϕciΘ
′
b(χ4 − χ5)
− Maiµ D
µabωbiΘ
′
b(χ4 + χ6) + gf
abcUaiµ D
µbdcdωciΘ
′
b(χ5 + χ6)
− Naiµ D
µabϕ¯biΘ
′
b(χ7 − χ8)− gf
abcNaiµ D
µbdcdω¯ciΘ
′
b(χ7 + χ9)
+ gfabcV aiµ D
µbdcdϕ¯ciΘ
′
b(χ8 + χ9) +M
ai
µ N
µa
i Θ
′
b(χ10 + χ11)
+ gfabcRaiµ D
µbdcdϕ¯ciΘ
′
b(χ12 + χ13)
]
= 0 (5.37)
where prime denotes the differentiation with respect to the parameter κ. Equat-
ing the coefficient of terms ϕ¯ai∂µDabµ ϕ
b
i , ω¯
ai∂µDabµ ω
b
i , gf
abc∂µω¯aiDbdµ c
dϕci , M
ai
µ D
µabϕbi ,
Uaiµ D
µabωbi , gf
abcUaiµ D
µbdcdϕci , N
ai
µ D
µabω¯bi , V
ai
µ D
µabϕ¯bi , gf
abcV aiµ D
µbdcdω¯ci , M
ai
µ V
µa
i ,
Uaiµ N
µa
i , gf
abcRaiµ D
µbdcdω¯ci and gf
abcT aiµ D
µbdcdϕ¯ci from both sides of above condition, we get
following differential equations:
χ′1 + 1 = 0, χ
′
2 − 1 = 0, χ
′
3 − 1 = 0, χ
′
4 − 1 = 0,
χ′5 − 1 = 0, χ
′
6 + 1 = 0, χ
′
7 − 1 = 0, χ
′
8 − 1 = 0,
χ′9 + 1 = 0, χ
′
10 − 1 = 0, χ
′
11 + 1 = 0, χ
′
12 − 1 = 0,
χ′13 + 1 = 0. (5.38)
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The Θ′b dependent terms will be cancelled separately and comparing the coefficients of Θ
′
b de-
pendent terms, we obtain
χ1 + χ2 = χ1 + χ3 = χ2 − χ3 = χ4 − χ5 = 0
χ4 + χ6 = χ5 + χ6 = χ7 − χ8 = χ7 + χ9 = 0
χ8 + χ9 = χ10 + χ11 = χ12 + χ13 = 0. (5.39)
The particular solution of Eq. (5.38) subjected to the condition (5.36) and Eq. (5.39) is
χ1 = −κ, χ2 = κ, χ3 = κ, χ4 = κ
χ5 = κ, χ6 = −κ, χ7 = κ, χ8 = κ
χ9 = −κ, χ10 = κ, χ11 = −κ, χ12 = κ
χ13 = −κ. (5.40)
Therefore, the expression for S1 in term of κ is
S1 =
∫
d4x
[
−κ ϕ¯ai∂µDabµ ϕ
b
i + κ ω¯
ai∂µDabµ ω
b
i + κ gf
abc∂µω¯aiDbdµ c
dϕci
+ κ Maiµ D
µabϕbi + κ U
ai
µ D
µabωbi − κ gf
abcUaiµ D
µbdcdϕci
+ κ Naiµ D
µabω¯bi + κ V
ai
µ D
µabϕ¯bi − κ gf
abcV aiµ D
µbdcdω¯ci + κ M
ai
µ V
µa
i
− κ Uaiµ N
µa
i + κ gf
abcRaiµ D
µbdcdω¯ci − κ gf
abcT aiµ D
µbdcdϕ¯ci
]
. (5.41)
The transformed action is obtained by adding S1(κ = 1) to SGZ as,
SGZ + S1 =
∫
d4x[
1
4
F aµνF
µνa +Ba∂µAaµ + c¯
a∂µDabµ c
b]. (5.42)
We left with the YM effective action in Landau gauge.
SGZ + S1 = SYM . (5.43)
Note the new action is independent of horizon parameter γ, and hence horizon condition(
∂Γ
∂γ2
= 0
)
leads trivial relation for SYM . Thus, using FFBRST transformation we have mapped
the generating functionals in Euclidean space as
ZGZ
(
=
∫
[Dφ]e−SGZ
)
FFBRST
−− −→ ZYM
(
=
∫
[Dφ]e−SYM
)
, (5.44)
where ZYM is the generating functional for Yang-Mils action SYM .
5.5 Connecting GZ theory and YM theory in BV formalism
The generating functional of YM theory in the BV formulation can be written by introducing
antifields φ⋆ corresponding to the all fields φ with opposite statistics as,
ZYM =
∫
[Dφ]e−
∫
d4x{ 14F
a
µνF
µνa+Aa⋆µ D
µabcb+c¯a⋆Ba}. (5.45)
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This can further be written in a compact form as
ZYM =
∫
[Dφ]e−[WΨ1(φ,φ
⋆)], (5.46)
where the expression for gauge-fixing fermion is given as Ψ1 =
∫
d4x
[
c¯a∂µAaµ
]
. The generating
functional does not depend on the choice of gauge-fixing fermion [5]. The extended quantum
action, WΨ1(φ, φ
⋆), satisfies the quantum master equation given in Eq. (2.22).
The antifields can be evaluated from Ψ1 as
Aa⋆µ =
δΨ1
δAµa
= −∂µc¯
a, c¯a⋆ =
δΨ1
δc¯a
= ∂µAaµ, B
a⋆ =
δΨ1
δBa
= 0. (5.47)
Similarly, the generating functional of GZ theory in BV formulation can be written as,
ZGZ =
∫
[Dφ] exp
[
−
∫
d4x
{
1
4
F aµνF
µνa +Aa⋆µ D
µabcb + c¯a⋆Ba − ϕb⋆i ω
bi
+ +ϕ¯aiω¯a⋆i + U
ai⋆
µ M
µa
i − V
ai⋆
µ N
µa
i − T
ai⋆
µ R
µa
i
}]
. (5.48)
This can further be written in compact form using gauge-fixed fermion (Ψ2) as
ZGZ =
∫
[Dφ]e−[WΨ2(φ,φ
⋆)],Ψ2 =
∫
d4x
[
c¯a∂µAaµ + ω¯
ai∂µDabµ ϕ
b
i
− Uaiµ D
µabϕbi − V
ai
µ D
µabω¯bi − U
ai
µ V
µa
i + gf
abcT aiµ D
µbdcdω¯ci
]
. (5.49)
The antifields are obtained from Ψ2 as
Aa⋆µ = −∂µc¯
a − gfabc∂µω
ciϕbi − gf
abcU ciµ ϕ
b
i − gf
abcV ciµ ω¯
b
i , c¯
a⋆ = ∂µA
a
µ,
Uai⋆µ = −D
ab
µ ϕ
bi − V aiµ , ω¯
a⋆
i = ∂
µDabµ ϕ
b
i − V
µb
i D
ba
µ + gf
abcT µbi D
cd
µ c
d,
V ai⋆µ = −D
ab
µ ω¯
bi − Uaiµ , T
ai⋆
µ = gf
abcDbdµ c
dω¯ci, ϕb⋆i = ω¯
a
i ∂
µDabµ − U
µa
i D
ab
µ . (5.50)
To connect these two theories we construct the following finite field dependent parameter Θb[φ]:
Θb[φ, φ
⋆] =
∫ 1
0
dκ
∫
d4x
[
ϕb⋆i ϕ
bi + ω¯b⋆i ω¯
bi + V ai⋆µ V
µa
i
]
. (5.51)
The Jacobian of path integral measure in the generating functional (5.49) for the FFBRST with
this parameter can be replaced by e−S1 iff condition (5.31) is satisfied. To find S1 we start with
an ansatz for S1 as
S1 =
∫
d4x
[
χ1ϕ
b⋆
i ω
bi + χ2ϕ¯
aiω¯a⋆i + χ3U
ai⋆
µ M
µa
i + χ4V
ai⋆
µ N
µa
i + χ5T
ai⋆
µ R
µa
i
]
. (5.52)
where χj(κ)(j = 1, 2, .., 5) are arbitrary but κ-dependent constants and satisfy the following
initial conditions: χj(κ = 0) = 0. These constants are calculated using Eq. (5.31) subjected to
the initial condition to find the S1 as
S1 =
∫
d4x
[
κ ϕb⋆i ω
bi − κ ϕ¯aiω¯a⋆i − κ U
ai⋆
µ M
µa
i + κ V
ai⋆
µ N
µa
i + κ T
ai⋆
µ R
µa
i
]
. (5.53)
By adding S1(κ = 1) to SGZ , we get SGZ + S1(κ = 1) = SYM . Hence,
ZGZ
(
=
∫
[Dφ] e−WΨ2
)
FFBRST
−−−− −→ ZYM
(
=
∫
[Dφ] e−WΨ1(φ,φ
⋆)
)
(5.54)
Thus, using FFBRST transformation we connect the GZ theory to YM theory in BV formulation.
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5.6 Conclusions
The GZ theory which is free from Gribov copies as the domain of integration is restricted to
the first Gribov horizon, is not invariant under usual BRST transformation due to the presence
of the nonlocal horizon term. Hence the KO criterion for color confinement in a manifestly
covariant gauge fails for GZ theory. A nilpotent BRST transformation which leaves GZ action
invariant was developed recently and can be applied to KO analysis for color confinement. This
nilpotent BRST symmetry is generalized by allowing the transformation parameter finite and
field dependent. This generalized BRST transformation is nilpotent and symmetry of the GZ
effective action. We have shown that this nilpotent BRST with an appropriate choice of finite
field dependent parameter relates the GZ theory with a correct horizon term to the YM theory
in Euclidean space where horizon condition becomes a trivial one. We have shown the same
connection in BV formulation also by considering the appropriate finite parameter. Thus, we
have shown that the theory, free from Gribov copies (i.e. GZ theory with proper horizon term),
is related through a nilpotent BRST transformation with a finite parameter to a theory with
Gribov copies (i.e. YM theory in Euclidean space). The nontrivial Jacobian of such finite
transformation is responsible for this important connection. This implies our formulation is
very useful for the better understanding of Gribov ambiguity.
Chapter 6
Finite nilpotent symmetry for gauge
theories
Earlier it was shown that FFBRST and FF-anti-BRST transformations are symmetry of the
effective action but not of the generating functional. In this chapter we construct a nilpotent
finite BRST transformation which leaves both the effective action and generating functional
invariant [65]. To construct such a finite transformation we combine usual BRST and anti-
BRST transformations with finite parameters. The field/antifield (or BV) formulation in the
context such transformation is also studied in this chapter.
6.1 The infinitesimal mixed BRST (MBRST) transformation
The generating functional for the Green’s function in an effective theory described by the effective
action Seff [φ] is defined as
Z =
∫
[Dφ] eiSeff [φ], (6.1)
Seff [φ] = S0[φ] + Sgf [φ] + Sgh[φ], (6.2)
where φ is the generic notation for all fields involved in the effective theory. The infinitesimal
BRST (δb) and anti-BRST (δab) transformations are defined as
δbφ = sbφ δΛ1, s
2
b = 0 (6.3)
δabφ = sabφ δΛ2, s
2
ab = 0, (6.4)
where δΛ1 and δΛ2 are infinitesimal, anticommuting but global parameters. Such transforma-
tions leave the generating functional as well as effective action invariant, separately, as
δbZ = 0 = δbSeff , (6.5)
δabZ = 0 = δabSeff . (6.6)
This implies that the effective action Seff [φ] and the generating functional are also invariant
under the MBRST (δm = δb + δab) transformation
δmZ = 0 = δmSeff . (6.7)
Further such MBRST transformation is nilpotent because,
{sb, sab} = 0. (6.8)
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Now, in the next section we construct the finite version of the following infinitesimal MBRST
symmetry transformation:
δmφ = sbφ δΛ1 + sabφ δΛ2. (6.9)
6.2 Construction of finite field dependent MBRST
(FFMBRST) transformation
To construct the FFMBRST transformation, we follow the similar method of constructing FF-
BRST transformation [27]. However, in this case unlike FFBRST transformation we have to
deal with two parameters, one for the BRST transformation and the other for anti-BRST trans-
formation. We introduce a numerical parameter κ (0 ≤ κ ≤ 1) and make all the fields (φ(x, κ))
κ-dependent in such a way that φ(x, κ = 0) ≡ φ(x) and φ(x, κ = 1) ≡ φ′(x), the transformed
field. Further, we make the infinitesimal parameters δΛ1 and δΛ2 field dependent as
δΛ1 = Θ
′
b[φ(x, κ)]dκ (6.10)
δΛ2 = Θ
′
ab[φ(x, κ)]dκ, (6.11)
where the prime denotes the derivative with respect to κ and Θ′i[φ(x, κ)](i = b, ab) are infinitesi-
mal field dependent parameters. The infinitesimal but field dependent MBRST transformation,
thus can be written generically as
dφ(x, κ)
dκ
= sbφ(x, κ)Θ
′
b[φ(x, κ)] + sabφ(x, κ)Θ
′
ab[φ(x, κ)]. (6.12)
Following the work in Ref.[27] it can be shown that the parameters Θ′i[φ(x, κ)] (i = b, ab), contain
the factors Θ′i[φ(x, 0)] (i = b, ab), which are considered to be nilpotent. Thus κ dependency from
δbφ(x, κ) and δabφ(x, κ) can be dropped. Then Eq. (6.12) can be written as
dφ(x, κ)
dκ
= sbφ(x, 0)Θ
′
b[φ(x, κ)] + sabφ(x, 0)Θ
′
ab[φ(x, κ)]. (6.13)
The FFMBRST transformation with the finite field dependent parameters then can be con-
structed by integrating such infinitesimal transformations from κ = 0 to κ = 1, such that
φ′ ≡ φ(x, κ = 1) = φ(x, κ = 0) + sbφ(x)Θb[φ(x)] + sabφ(x)Θab[φ(x)], (6.14)
where
Θi[φ(x)] =
∫ 1
0
dκ′Θ′i[φ(x, κ
′)], (6.15)
are the finite field dependent parameters with i = b, ab.
Therefore, the FFMBRST transformation corresponding to MBRST transformation men-
tioned in Eq. (6.9) is given by
δmφ = sbφ Θb + sabφ Θab (6.16)
It can be shown that above FFMBRST transformation with some specific choices of the finite
parameters Θb and Θab is the symmetry transformation of the both effective action and the
generating functional as the path integral measure is invariant under such transformation.
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6.3 Method for evaluating the Jacobian
To show the invariance of the generating functional we need to calculate the Jacobian of the path
integral measure in the expression of generating functional. The Jacobian of the path integral
measure for FFMBRST transformation J can be evaluated for some particular choices of the
finite field dependent parameters Θb[φ(x)] and Θab[φ(x)]. We start with the definition,
Dφ = J(κ) Dφ(κ)
= J(κ+ dκ) Dφ(κ+ dκ), (6.17)
Now the transformation from φ(κ) to φ(κ+ dκ) is infinitesimal in nature, thus the infinitesimal
change in Jacobian can be calculated as
J(κ)
J(κ+ dκ)
=
∫
d4x
∑
φ
±
δφ(x, κ)
δφ(x, κ + dκ)
(6.18)
where Σφ sums over all fields involved in the path integral measure and ± sign refers to whether
φ is a bosonic or a fermionic field. Using the Taylor expansion we calculate the above expression
as
1−
1
J(κ)
dJ(κ)
dκ
dκ = 1 +
∫
d4x
∑
φ
[
±sbφ(x, κ)
δΘ′b[φ(x, κ)]
δφ(x, κ)
± sabφ(x, κ)
δΘ′ab[φ(x, κ)]
δφ(x, κ)
]
dκ. (6.19)
The Jacobian, J(κ), can be replaced (within the functional integral) as
J(κ)→ ei(S1[φ]+S2[φ]) (6.20)
iff the following condition is satisfied:∫
[Dφ(x)]
[
1
J
dJ
dκ
− i
dS1[φ(x, κ)]
dκ
− i
dS2[φ(x, κ)]
dκ
]
ei(Seff+S1+S2) = 0, (6.21)
where S1[φ] and S2[φ] are some local functionals of fields and satisfy the initial condition
Si[φ(κ = 0)] = 0, i = 1, 2. (6.22)
The finite parameters Θb and Θab are arbitrary and we can construct them in such a way that
the infinitesimal change in Jacobian J (Eq. (6.19)) with respect to κ vanishes
1
J
dJ
dκ
= 0. (6.23)
Therefore, with the help of Eqs. (6.21) and (6.23), we see that
dS1[φ(x, κ)]
dκ
+
S2[φ(x, κ)]
dκ
= 0. (6.24)
It means the S1+S2 is independent of κ (fields) and must vanish to satisfy the initial condition
given in Eq. (6.22) satisfied. Hence the generating functional is not effected by the Jacobian J as
J = ei(S1+S2) = 1. The nontrivial Jacobian arising from finite BRST parameter Θb compensates
the same arising due to finite anti-BRST parameter Θab. It is straightforward to see that the
effective action Seff is invariant under such FFMBSRT transformation.
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6.4 Examples
To demonstrate the results obtained in the previous section we would like to consider several
explicit examples in 1D as well as in 4D. In particular we consider the bosonized self-dual chiral
model in 2D, Maxwell’s theory in 4D, and non-Abelian YM theory in 4D. In all these cases
we construct explicit finite parameters Θb and Θab of FFMBRST transformation such that the
generating functional remains invariant.
6.4.1 Bosonized chiral model
We start with the generating functional for the bosonized self-dual chiral model as [66, 67]
ZCB =
∫
[Dφ] eiSCB , (6.25)
where [Dφ] is the path integral measure in generic notation. The effective action SCB in 2D is
given as
SCB =
∫
d2x[piϕϕ˙+ piϑϑ˙+ puu˙−
1
2
pi2ϕ +
1
2
pi2ϑ + piϑ(ϕ
′ − ϑ′ + λ) + piϕλ
+
1
2
B2 +B(λ˙− ϕ− ϑ) + ˙¯cc˙− 2c¯c], (6.26)
where the fields ϕ, ϑ, u,B, c and c¯ are the self-dual field, Wess-Zumino field, multiplier field,
auxiliary field, ghost field and antighost field, respectively. The nilpotent BRST and anti-BRST
transformations for this theory are
BRST:
δbϕ = c δΛ1, δbλ = −c˙ δΛ1, δbϑ = c δΛ1,
δbpiϕ = 0, δbu = 0, δbpiϑ = 0, δbc¯ = B δΛ1,
δbB = 0, δbc = 0, δbpu = 0, (6.27)
anti-BRST:
δabϕ = −c¯ δΛ2, δabλ = ˙¯c δΛ2, δabϑ = −c¯ δΛ2,
δabpiϕ = 0, δabu = 0, δabpiϑ = 0, δabc = B δΛ2,
δabB = 0, δabc¯ = 0, δabpu = 0, (6.28)
where δΛ1 and δΛ2 are infinitesimal, anticommuting and global parameters. Note that sb and
sab are absolutely anticommuting i.e. (sbsab + sabsb)φ = 0. In this case the MBRST symmetry
transformation (δm ≡ δb + δab), as constructed in section II, reads
δmϕ = c δΛ1 − c¯ δΛ2, δmλ = −c˙ δΛ1 + ˙¯c δΛ2,
δmϑ = c δΛ1 − c¯ δΛ2, δmpiϕ = 0, δmu = 0,
δmpiϑ = 0, δmc¯ = B δΛ1, δmB = 0, δmc = B δΛ2,
δmpu = 0. (6.29)
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The FFMBRST transformation corresponding to the above MBRST transformation is con-
structed as
δmϕ = c Θb − c¯ Θab, δmλ = −c˙ Θb + ˙¯c Θab, δmϑ = c Θb − c¯ Θab
δmpiϕ = 0, δmu = 0, δmpiϑ = 0, δmc¯ = B Θb, δmB = 0,
δmc = B Θab, δmpu = 0, (6.30)
where Θb and Θab are finite field dependent parameters and are still anticommuting in nature.
We construct the finite parameters Θb and Θab as
Θb =
∫
Θ′bdκ = γ
∫
dκ
∫
d2x[c¯(λ˙− ϕ− ϑ)], (6.31)
Θab =
∫
Θ′abdκ = −γ
∫
dκ
∫
d2x[c(λ˙− ϕ− ϑ)], (6.32)
where γ is an arbitrary parameter.
Using Eq. (6.19), the infinitesimal change in Jacobian for the FFMBRST transformation
given in Eq. (6.30) is calculated as
1
J
dJ
dκ
= 0. (6.33)
The contributions from second and third terms in the R.H.S. of Eq. (6.19) cancel each other.
This implies that the Jacobian for path integral measure is unit under FFMBRST transfor-
mation. Hence, the generating functional as well as the effective action are invariant under
FFMBRST transformation
ZCB
(
=
∫
[Dφ] eiSCB
)
FFMBRST
−−−− −→ ZCB . (6.34)
Now, we would like to consider of the effect of FFBRST transformation with finite parameter
Θb and FF-anti-BRST transformation with finite parameter Θab independently. The infinitesi-
mal change in Jacobian J1 for the FFBRST transformation with the parameter Θb is calculated
as
1
J1
dJ1
dκ
= γ
∫
d4x
[
B(λ˙− ϕ− ϑ) + ˙¯cc˙− 2c¯c
]
. (6.35)
To write the Jacobian J1 as e
iS1 in case of BRST transformation, we make the following ansatz
for S1:
S1 = i
∫
d4x
[
ξ1(κ) B(λ˙− ϕ− ϑ) + ξ2(κ) ˙¯cc˙+ ξ3(κ) c¯c
]
, (6.36)
where ξi(i = 1, 2, 3) are arbitrary κ-dependent constants and satisfy the initial conditions ξi(κ =
0) = 0.
The essential condition in Eq. (6.21) satisfies with Eqs. (6.35) and (6.36) iff∫
d4x
[
−B(λ˙− ϕ− ϑ)(ξ′1 + γ)− ˙¯cc˙(ξ
′
2 + γ)− c¯c(2γ − ξ
′
3)
+ Bc¨Θ′b(ξ1 − ξ2) +BcΘ
′
b(2ξ1 + ξ3)
]
= 0, (6.37)
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where prime denotes the derivative with respect to κ. Equating the both sides of the above
equation, we get the following equations:
ξ′1 + γ = 0, ξ
′
2 + γ = 0, ξ
′
3 − 2γ = 0, ξ1 − ξ2 = 0 = 2ξ1 + ξ3. (6.38)
The solution of above equations satisfying the initial conditions is
ξ1 = −γκ, ξ2 = −γκ, ξ3 = 2γκ. (6.39)
Then, the expression for S1 in terms of κ becomes
S1 = i
∫
d4x
[
−γκB(λ˙− ϕ− ϑ)− γκ ˙¯cc˙+ 2γκc¯c
]
. (6.40)
On the other hand the infinitesimal change in Jacobian J2 for the FF-anti-BRST parameter Θab
is calculated as
1
J2
dJ2
dκ
= −γ
∫
d4x
[
B(λ˙− ϕ− ϑ) + ˙¯cc˙− 2c¯c
]
. (6.41)
Similarly, to write the Jacobian J2 as e
iS2 in the anti-BRST case, we make an ansatz for S2 as
S2 = i
∫
d4x
[
ξ4(κ) B(λ˙− ϕ− ϑ) + ξ5(κ) ˙¯cc˙+ ξ6(κ) c¯c
]
, (6.42)
where arbitrary κ-dependent constants ξi(i = 4, 5, 6) have to be calculated.
The essential condition in Eq. (6.21) for the above Jacobian J2 and functional S2 provides∫
d4x
[
B(λ˙− ϕ− ϑ)(ξ′4 − γ) + ˙¯cc˙(ξ
′
5 − γ)− c¯c(2γ + ξ
′
6)
+ B ¨¯cΘ′ab(ξ4 − ξ5) +Bc¯Θ
′
ab(2ξ4 + ξ6)
]
= 0. (6.43)
Comparing the L.H.S. and R.H.S. of the above equation, we get the following equations:
ξ′4 − γ = 0, ξ
′
5 − γ = 0, ξ
′
6 + 2γ = 0, ξ4 − ξ5 = 0 = 2ξ4 + ξ6. (6.44)
Solving the above equations, we get the following values for the ξi’s:
ξ4 = γκ, ξ5 = γκ, ξ6 = −2γκ. (6.45)
Putting these values in expression of S2, we get
S2 = i
∫
d4x
[
γκB(λ˙− ϕ− ϑ) + γκ ˙¯cc˙− 2γκc¯c
]
. (6.46)
Thus, under successive FFBRST and FF-anti-BRST transformations the generating functional
transformed as
ZCB
(
=
∫
[Dφ] eiSCB
)
(FFBRST )(FF−anti−BRST )
−−−−−−−− −→ ZCB
(
=
∫
[Dφ] eiSCB+S1+S2
)
. (6.47)
Note, for the particular choices of Θb and Θab, the S1 and S2 cancel each other. Hence ZCB
remains invariant under successive FFBRST and FF-anti-BRST transformations. It is interest-
ing to note that the effect of FFMBRST transformation is equivalent to successive operation of
FFBRST and FF-anti-BRST transformations.
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6.4.2 Maxwell’s theory
We consider FFMBRST transformation here for a more basic model. The generating functional
for Maxwell theory, using Nakanishi-Lautrup type auxiliary field (B), can be given as
ZM =
∫
[Dφ] eiS
M
eff , (6.48)
where the effective action in covariant (Lorentz) gauge with the ghost term is
SMeff =
∫
d4x
[
−
1
4
FµνF
µν + λB2 −B∂µA
µ − c¯∂µ∂
µc
]
. (6.49)
The infinitesimal off-shell nilpotent BRST and anti-BRST transformations under which the
effective action SMeff as well as generating functional ZM remain invariant, are given as
BRST:
δbAµ = ∂µc δΛ1, δbc = 0
δbc¯ = B δΛ1, δbB = 0. (6.50)
Anti-BRST:
δabAµ = ∂µc¯ δΛ2, δabc¯ = 0,
δabc = −B δΛ2, δabB = 0. (6.51)
The nilpotent BRST transformation (sb) and anti-BRST transformation (sab) mentioned above
are absolutely anticommuting in nature i.e. {sb, sab} ≡ sbsab + sabsb = 0. Therefore, the sum
of these two transformations (sb and sab) is also a nilpotent symmetry transformation. Let
us define MBRST transformation (δm ≡ δb + δab) in this case, which is characterized by two
infinitesimal parameters δΛ1 and δΛ2, as
δmAµ = ∂µc δΛ1 + ∂µc¯ δΛ2,
δmc = −B δΛ2,
δmc¯ = B δΛ1,
δmB = 0. (6.52)
The FFMBRST symmetry transformation for this theory is then constructed as
δmAµ = ∂µc Θb + ∂µc¯ Θab,
δmc = −B Θab,
δmc¯ = B Θb,
δmB = 0, (6.53)
where Θb and Θab are finite, field dependent and anticommuting parameters. We choose partic-
ular Θb and Θab in this case as
Θb =
∫
Θ′bdκ = γ
∫
dκ
∫
d4x[c¯∂µA
µ], (6.54)
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and
Θab =
∫
Θ′abdκ = γ
∫
dκ
∫
d4x[c∂µA
µ], (6.55)
where γ is an arbitrary parameter. The infinitesimal change in Jacobian using Eq. (6.19)
for the FFMBRST transformation with the above finite parameters vanishes. It means that
the path integral measure and hence the generating functional is invariant under FFMBRST
transformation.
Now, the infinitesimal change in Jacobian for the FFBRST transformation with the param-
eter Θb is calculated as
1
J1
dJ1
dκ
= γ
∫
d4x [B∂µA
µ + c¯∂µ∂
µc] . (6.56)
To write the Jacobian J1 as e
iS1 in the BRST case, we make the following ansatz for S1:
S1 = i
∫
d4x [ξ1B∂µA
µ + ξ2c¯∂µ∂
µc] . (6.57)
The essential condition in Eq. (6.21) is satisfied subjected to∫
d4x
[
B∂µA
µ(ξ′1 + γ) + c¯∂µ∂
µc(ξ′2 + γ)−B∂µ∂
µcΘ′b(ξ1 − ξ2)
]
= 0, (6.58)
where the prime denotes the derivative with respect to κ. Equating the both sides of the above
equation, we get the following:
ξ′1 + γ = 0, ξ
′
2 + γ = 0, ξ1 − ξ2 = 0. (6.59)
The solution of above equations satisfying the initial conditions ξi = 0, (i = 1, 2) is
ξ1 = −γκ, ξ2 = −γκ. (6.60)
Putting these value in Eq. (6.57), the expression of S1 becomes
S1 = −iγκ
∫
d4x [B∂µA
µ + c¯∂µ∂
µc] . (6.61)
However, the infinitesimal change in Jacobian J2 for the FF-anti-BRST transformation with the
parameter Θab is calculated as
1
J2
dJ2
dκ
= −γ
∫
d4x [B∂µA
µ + c¯∂µ∂
µc] . (6.62)
Similarly, to write the Jacobian J2 as e
iS2 in the anti-BRST case, we make the following ansatz
for S2:
S2 = i
∫
d4x [ξ3B∂µA
µ + ξ4c¯∂µ∂
µc] . (6.63)
The essential condition in Eq. (6.21) for Eqs. (6.62) and (6.63) provides∫
d4x
[
B∂µA
µ(ξ′3 − γ) + c¯∂µ∂
µc(ξ′4 − γ)−B∂µ∂
µc¯Θ′ab(ξ3 − ξ4)
]
= 0. (6.64)
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Comparing the L.H.S. and R.H.S. of the above equation we get the following equations:
ξ′3 − γ = 0, ξ
′
4 − γ = 0, ξ3 − ξ4 = 0. (6.65)
Solving the above equations, we get the following values for the ξ’s:
ξ3 = γκ, ξ4 = γκ. (6.66)
Plugging back these value of ξi(i = 3, 4) in Eq. (6.63), we obtain
S2 = iγκ
∫
d4x [B∂µA
µ + c¯∂µ∂
µc] . (6.67)
From Eqs. (6.61) and (6.67), one can easily see that S1 + S2 = 0. Therefore, under successive
FFBRST and FF-anti-BRST transformations with these particular finite parameters Θb and
Θab, respectively, the generating functional transformed as
ZM
(
=
∫
[Dφ] eiS
M
eff
)
(FFBRST )(FF−anti−BRST )
−−−−−−−− −→ ZM
(
=
∫
[Dφ] eiS
M
eff+S1+S2
)
. (6.68)
Hence, the successive operations of FFBRST and FF-anti-BRST transformations also leave the
generating functional ZM . This reconfirms that FFMBRST transformation has same effect on
both the effective action and the generating functional as the successive FFBRST and FF-anti-
BRST transformations.
6.4.3 Non-Abelian YM theory in Curci-Ferrari-Delbourgo-Jarvis (CFDJ)
gauge
The examples studied so far were Abelian gauge theories. We now consider an example with
non-Abelian gauge theory. CFDJ gauge is a standard gauge-fixing which has been studied
extensively in non-Abelian gauge theories [101]. The generating functional for non-Abelian YM
theory in CFDJ gauge is written as
ZCFYM =
∫
[Dφ] eiS
CF
YM [φ], (6.69)
where φ is generic notation for all the fields in the effective action SCFYM
SCFYM =
∫
d4x
[
−
1
4
F aµνF
µνa +
ξ
2
(ha)2 + iha∂µA
µa +
1
2
∂µc¯
a(Dµc)a
+
1
2
(Dµc¯)
a∂µca − ξ
g2
8
(fabcc¯bcc)2
]
, (6.70)
with the field strength tensor F aµν = ∂µA
a
ν −∂νA
a
µ+ gf
abcAbµA
c
ν and h
a is the Nakanishi-Lautrup
type auxiliary field. The effective action as well as the generating functional are invariant under
the following infinitesimal BRST and anti-BRST transformations
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BRST: δbA
a
µ = −(Dµc)
a δΛ1, δbc
a = −
g
2
fabccbcc δΛ1
δbc¯
a =
(
iha −
g
2
fabcc¯bcc
)
δΛ1
δb(ih
a) = −
g
2
fabc
(
ihbcc +
g
4
f cdec¯bcdce
)
δΛ1,
anti-BRST: δabA
a
µ = −(Dµc¯)
a δΛ2, δabc¯
a = −
g
2
fabcc¯bc¯c δΛ2
δabc
a =
(
−iha −
g
2
fabcc¯bcc
)
δΛ2
δab(ih
a) = −
g
2
fabc
(
ihbc¯c +
g
4
f cdecbc¯dc¯e
)
δΛ2, (6.71)
where δΛ1 and δΛ2 are infinitesimal, anticommuting and global parameters. The infinitesimal
MBRST symmetry transformation (δm = δb + δab) in this case is written as:
δmA
a
µ = −Dµc
a δΛ1 −Dµc¯
a δΛ2,
δmc
a = −
g
2
fabccbcc δΛ1 −
(
iha +
g
2
fabcc¯bcc
)
δΛ2
δmc¯
a =
(
iha −
g
2
fabcc¯bcc
)
δΛ1 −
g
2
fabcc¯bc¯c δΛ2
δm(ih
a) = −
g
2
fabc
(
ihbcc +
g
4
f cdec¯bcdce
)
δΛ1
−
g
2
fabc
(
ihbc¯c +
g
4
f cdecbc¯dc¯e
)
δΛ2. (6.72)
Corresponding FFMBRST symmetry transformation is constructed as
δmA
a
µ = −Dµc
a Θb −Dµc¯
a Θab,
δmc
a = −
g
2
fabccbcc Θb −
(
iha +
g
2
fabcc¯bcc
)
Θab
δmc¯
a =
(
iha −
g
2
fabcc¯bcc
)
Θb −
g
2
fabcc¯bc¯c Θab
δm(ih
a) = −
g
2
fabc
(
ihbcc +
g
4
f cdec¯bcdce
)
Θb
−
g
2
fabc
(
ihbc¯c +
g
4
f cdecbc¯dc¯e
)
Θab, (6.73)
with two arbitrary finite field dependent parameters Θb and Θab. The generating functional
ZCFYM is made invariant under the above FFMBRST transformation by constructing appropriate
finite parameters Θb and Θab. We construct the finite nilpotent parameters Θb and Θab as
Θb =
∫
Θ′bdκ = γ
∫
dκ
∫
d4x[c¯a∂µA
µa], (6.74)
Θab =
∫
Θ′abdκ = γ
∫
dκ
∫
d4x[ca∂µA
µa], (6.75)
where γ is an arbitrary parameter. Following the same method elaborated in the previous two
examples, we show that the Jacobian for path integral measure due to FFMBRST transforma-
tion given in Eq. (6.73) with finite parameters Θb and Θab becomes unit. It means that under
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such FFMBRST transformation the generating functional as well as effective action remain in-
variant. The Jacobian contribution for path integral measure due to FFBRST transformation
with parameter Θb compensates the same due to FF-anti-BRST transformation with param-
eter Θab. Therefore, under the successive FFBRST and FF-anti-BRST transformations the
generating functional remains invariant as
ZCFYM
(
=
∫
[Dφ] eiS
CF
YM
)
(FFBRST )(FF−anti−BRST )
−−−−−−−−− −→ ZCFYM . (6.76)
Again we see the equivalence between FFMBRST transformation and successive operations of
FFBRST and FF-anti-BRST transformations.
We end up the section with conclusion that in all the three cases the FFMBRST trans-
formation with appropriate finite parameters is the finite nilpotent symmetry of the effective
action as well as the generating functional of the effective theories. Here, we also note that the
successive operations of FFBRST and FF-anti-BRST also leave the generating functional as well
as effective action invariant and hence equivalent to FFMBRST transformation.
6.5 FFMBRST symmetry in BV formulation
In this section, we consider the BV formulation using MBRST transformation. Unlike BV for-
mulation using either BRST or anti-BRST transformation, we need two sets of antifields in
BV formulation for MBRST transformation. We construct FFMBRST transformation in this
context. The change in Jacobian under FFBRST transformation in the path integral measure
in the definition of generating functional is used to adjust with the change in the gauge-fixing
fermion Ψ1 [64]. Hence, the FFBRST transformation is used to connect the generating function-
als of different solutions of quantum master equation [45]. However, in case of BV formulation
for FFMBRST transformation we need to introduce two gauge-fixing fermions Ψ1 and Ψ2. We
construct the finite parameters in FFMBRST transformation in such a way that contributions
from Ψ1 and Ψ2 adjust each other to leave the extended action invariant. This implies that we
can construct appropriate parameters in FFMBRST transformation such that generating func-
tionals corresponding to different solutions of quantum master equations remain invariant under
such transformation. These results can be demonstrated with the help of explicit examples. We
would like to consider the same examples of previous section for this purpose.
6.5.1 Bosonized chiral model in BV formulation
We recast the generating functional for (1+1) dimensional bosonized chiral model given in Eq.
(6.25) using both BRST and anti-BRST exact terms as
ZCB =
∫
Dφ eiSCB =
∫
Dφ exp
[
i
∫
d2x
{
piϕϕ˙+ piϑϑ˙+ puu˙−
1
2
pi2ϕ
+
1
2
pi2ϑ + piϑ(ϕ
′ − ϑ′ + λ) +
1
2
piϕλ+
1
2
sbΨ1 +
1
2
sabΨ2
}]
. (6.77)
Here, the Lagrange multiplier field u is considered as dynamical variable and expression for
gauge-fixing fermions for BRST symmetry (Ψ1) and anti-BRST symmetry (Ψ2), respectively,
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are
Ψ1 =
∫
d2x c¯(λ˙− ϕ− ϑ+
1
2
B). (6.78)
Ψ2 =
∫
d2x c(λ˙− ϕ− ϑ+
1
2
B). (6.79)
The effective action SCB is invariant under combined BRST and anti-BRST transformations
given in Eq. (6.29). The generating functional ZCB can be written in terms of antifields φ
⋆
1 and
φ⋆2 corresponding to all fields φ as
ZCB =
∫
Dφ exp
[
i
∫
d2x
{
piϕϕ˙+ piϑϑ˙+ puu˙−
1
2
pi2ϕ
+
1
2
pi2ϑ + piϑ(ϕ
′ − ϑ′ + λ) + piϕλ+
1
2
ϕ⋆1c−
1
2
ϕ⋆2c¯
+
1
2
ϑ⋆1c−
1
2
ϑ⋆2c¯+
1
2
c¯⋆1B +
1
2
c⋆2B −
1
2
λ⋆1c˙+
1
2
λ⋆2 ˙¯c
}]
, (6.80)
where φ⋆i (i = 1, 2) is a generic notation for antifields arising from gauge-fixing fermions Ψi. The
above relation can further be written in compact form as
ZCB =
∫
[Dφ] eiWΨ1+Ψ2 [φ,φ
⋆
i ], (6.81)
whereWΨ1+Ψ2 [φ, φ
⋆
i ] is an extended action for the theory of self-dual chiral boson corresponding
the gauge-fixing fermions Ψ1 and Ψ2.
This extended quantum action, WΨ1+Ψ2 [φ, φ
⋆
i ] satisfies certain rich mathematical relations
commonly known as quantum master equation [6], given by
∆eiWΨ1+Ψ2 [φ,φ
⋆
i ] = 0 with ∆ ≡
∂r
∂φ
∂r
∂φ⋆i
(−1)ǫ+1. (6.82)
The generating functional does not depend on the choice of gauge-fixing fermions [5] and there-
fore extended quantum action WΨi with all possible Ψi are the different solutions of quantum
master equation. The antifields φ⋆1 corresponding to each field φ for this particular theory can
be obtained from the gauge-fixed fermion Ψ1 as
ϕ⋆1 =
δΨ1
δϕ
= −c¯, ϑ⋆1 =
δΨ1
δϑ
= −c¯, c⋆1 =
δΨ1
δc
= 0,
c¯⋆1 =
δΨ1
δc¯
= −
1
2
(λ˙− ϕ− ϑ+
1
2
B),
B⋆1 =
δΨ1
δB
=
1
2
c¯, λ⋆1 = −
δΨ1
δλ
= − ˙¯c. (6.83)
Similarly, the antifields φ⋆2 can be calculated from the gauge-fixing fermion Ψ2 as
ϕ⋆2 =
δΨ2
δϕ
= −c, ϑ⋆2 =
δΨ2
δϑ
= −c,
c⋆2 =
δΨ2
δc
= (λ˙− ϕ− ϑ+
1
2
B), c¯⋆2 =
δΨ2
δc¯
= 0,
B⋆2 =
δΨ2
δB
=
1
2
c, λ⋆2 = −
δΨ2
δλ
= −c˙. (6.84)
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Now, we apply the FFMBRST transformation given in Eq. (6.30) with the finite parameters
written in Eqs. (6.31) and (6.32) to this generating functional. We see that the path integral
measure in Eq. (6.81) remains invariant under this FFMBRST transformation as the Jacobian
for path integral measure is 1. Therefore,
ZCB
(
=
∫
[Dφ] eiWΨ1+Ψ2
)
(FFBRST )(FF−anti−BRST )
−−−−−−−−− −→ ZCB . (6.85)
Thus, the solutions of quantum master equation in this model remain invariant under FFM-
BRST transformation as well as under consecutive operation of FFBRST and FF-anti-BRST
transformations. However, the FFBRST (FF-anti-BRST) transformation connects the generat-
ing functionals corresponding to the different solutions of the quantum master equation [34].
6.5.2 Maxwell’s theory in BV formulation
The generating functional for Maxwell’s theory given in Eq. (6.48) can be recast using BRST
and anti-BRST exact terms as
ZM =
∫
[Dφ] ei
∫
d4x[− 14FµνF
µν+ 1
2
sbΨ1+
1
2
sabΨ2], (6.86)
where the expressions for gauge-fixing fermions Ψ1 and Ψ2 are
Ψ1 =
∫
d4x c¯(λB − ∂ ·A),
Ψ2 = −
∫
d4x c(λB − ∂ · A). (6.87)
The generating functional for such theory can further be expressed in fields/antifields formulation
as
ZM =
∫
[Dφ] ei
∫
d4x[− 14FµνF
µν+ 1
2
A⋆µ1∂
µc+ 1
2
A⋆µ2∂
µ c¯+ 1
2
c¯⋆1B−
1
2
c⋆2B]. (6.88)
In the compact form above generating functional is written as
ZM =
∫
[Dφ]eiWΨ1+Ψ2 [φ,φ
⋆
i ], (6.89)
where WΨ1+Ψ2 [φ, φ
⋆
i ] is an extended action for Maxwell’s theory corresponding to the gauge-
fixing fermions Ψ1 and Ψ2.
The antifields for gauge-fixed fermion Ψ1 are calculated as
A⋆µ1 =
δΨ1
δAµ
= ∂µc¯, c¯
⋆
1 =
δΨ1
δc¯
= (λB − ∂ ·A),
c⋆1 =
δΨ1
δc
= 0, B⋆1 =
δΨ1
δB
= λc¯. (6.90)
The antifields φ⋆2 can be calculated from the gauge-fixed fermion Ψ2 as
A⋆µ2 =
δΨ2
δAµ
= −∂µc, c¯
⋆
2 =
δΨ2
δc¯
= 0,
c⋆2 =
δΨ2
δc
= −(λB − ∂ ·A), B⋆2 =
δΨ2
δB
= −λc. (6.91)
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Now, implementing the FFMBRST transformation mentioned in Eq. (6.53) with parameters
given in Eqs. (6.54) and (6.55) to this generating functional we see that the Jacobian for the path
integral measure for such transformation becomes unit. Hence, the FFMBRST transformation
given in Eq. (6.53) is a finite symmetry of the solutions of quantummaster equation for Maxwell’s
theory.
Now, we focus on the contributions arising from the Jacobian due to independent applications
of FFBRST and FF-anti-BRST transformations. We construct the finite parameters of FFBRST
and FF-anti-BRST transformations in such a way that Jacobian remains invariant. Therefore,
the generating functional remains invariant under consecutive operations of FFBRST and FF-
anti-BRST transformations with appropriate parameters as
ZM
(
=
∫
[Dφ] eiWΨ1+Ψ2
)
(FFBRST )(FF−anti−BRST )
−−−−−−−−− −→ ZM . (6.92)
It also implies that the effect of consecutive FFBRST and FF-anti-BRST transformations is
same as the effect of FFMBRST transformation on ZM .
6.5.3 Non-Abelian YM theory in BV formulation
The generating functional for this theory can be written in both BRST and anti-BRST exact
terms as
ZCFYM =
∫
[Dφ] ei
∫
d4x[− 14F
a
µνF
aµν+ 1
2
sbΨ1+
1
2
sabΨ2], (6.93)
with the expressions of gauge-fixing fermions Ψ1 and Ψ2 as
Ψ1 = −
∫
d4x c¯a(i
ξ
2
ha − ∂ ·Aa),
Ψ2 =
∫
d4x ca(i
ξ
2
ha − ∂ · Aa). (6.94)
We re-write the generating functional given in Eq. (6.69) using field/antifield formulation as,
ZCFYM =
∫
[Dφ] exp
[
i
∫
d4x
{
−
1
4
F aµνF
aµν −
1
2
Aa⋆µ2D
µca −
1
2
Aa⋆µ2D
µc¯a
+
1
2
c¯a⋆1
(
iha −
g
2
fabcc¯bcc
)
−
1
2
ca⋆2
(
iha +
g
2
fabcc¯bcc
)
−
1
2
ha⋆1
(g
2
fabchbcc
− i
g2
8
fabcf cdec¯bcdce
)
−
1
2
ha⋆2
(
g
2
fabchbc¯c − i
g2
8
fabcf cdecbc¯dc¯e
)}]
. (6.95)
This generating functional ZCFYM can be written compactly as
ZCFYM =
∫
[Dφ] eiWΨ1+Ψ2 [φ,φ
⋆
i ], (6.96)
where WΨ1+Ψ2 [φ, φ
⋆
i ] is an extended quantum action for the non-Abelian YM theory in CFDJ
gauge.
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The antifields are calculated with the help of gauge-fixed fermion Ψ1 as
Aa⋆µ1 =
δΨ1
δAaµ
= −∂µc¯
a, ca⋆1 =
δΨ1
δca
= 0,
c¯a⋆1 =
δΨ1
δc¯a
= −(i
ξ
2
ha − ∂ · Aa),
ha⋆1 =
δΨ1
δha
= −
i
2
ξc¯a. (6.97)
The explicit value of antifields can be calculated with Ψ2 as
Aa⋆µ2 =
δΨ2
δAaµ
= ∂µc
a, c¯a⋆2 =
δΨ2
δc¯a
= 0,
ca⋆2 =
δΨ2
δca
= (i
ξ
2
ha − ∂ ·Aa),
ha⋆2 =
δΨ2
δha
=
i
2
ξca. (6.98)
We observe here again that the Jacobian for path integral measure in the expression of generating
functional ZCFYM arising due to FFMBRST transformation and due to successive operations
of FFBRST and FF-anti-BRST transformations remains unit for appropriate choice of finite
parameters. Thus, the consequence of FFMBRST transformation given in Eq. (6.73) with the
finite parameters given in Eqs. (6.74) and (6.75) is equivalent to the subsequent operations of
FFBRST and FF-anti-BRST transformations with same finite parameters.
6.6 Conclusions
FFBRST and FF-anti-BRST transformations are nilpotent symmetries of the effective action.
However, these transformations do not leave the generating functional invariant as the path
integral measure changes in a nontrivial way under these transformations. We have constructed
infinitesimal MBRST transformation which is the combination of infinitesimal BRST and anti-
BRST transformations. Even though infinitesimal MBRST transformation does not play much
significant role, its finite version has very important consequences. We have shown that it
is possible to construct the finite field dependent MBRST (FFMBRST) transformation which
leaves the effective action as well as the generating functional invariant. The finite parameters
in the FFMBRST transformation have been chosen in such a way that the Jacobian contribu-
tion from the FFBRST part compensates the same arising from FF-anti-BRST part. We have
considered several explicit examples with diverse character in both gauge theories as well as in
field/antifield formulation to show these results. It is interesting to point out that the effect
of FFMBRST transformation is equivalent to successive operations of FFBRST and FF-anti-
BRST transformations. We have further shown that the generating functionals corresponding to
different solutions of quantum master equation remain invariant under such FFMBRST trans-
formation whereas the independent FFBRST and FF-anti-BRST transformations connect the
generating functionals corresponding to the different solutions of the quantum master equation.
It will be interesting to see whether this FFMBRST transformation puts further restrictions on
the relation of different Green’s functions of the theory to simplify the renormalization program.
In particular, such FFMBRST transformation may be helpful for the theories where BRST and
anti-BRST transformations play independent role.
Chapter 7
FFBRST transformation and
constrained systems
This chapter is devoted to study the different class of constraints theories in the framework of
FFBRST transformation. Here we develop the FFBRST and FF-anti-BRST transformations
for first-class theories [83]. Then we show that such generalization helps to connect first-class
theories to second-class theories. The results are established with the help of two explicit exam-
ples.
7.1 The theories with constraints: examples
In the various field theories, all the dynamical phase space variables are not independent rather
some of the variables satisfy the constraints emerging from the structure of the theories. In
other words, the relations between various dynamical variables are known as constraints of the
theories. The usual Poisson brackets may not represent the true brackets as they need not
to satisfy the constraints of the theories in such constrained systems. A system is said to be
first-class constrained system if all the Poisson brackets among the constraints vanish weakly.
On the other hand, if there exists at least one non-zero Poisson bracket among the constraints
then the theory is called as second-class. In this section, we briefly outline the essential features
of second-class and first-class theories. In particular, we discuss the Proca theory for massive
spin 1 vector field theory and gauge variant theory for the self-dual chiral boson, which are
second-class theories. Corresponding first-class theories i.e. the Stueckelberg theory for massive
spin 1 vector fields and gauge invariant theory for the self-dual chiral boson are also outlined in
this section.
7.1.1 Theory for massive spin 1 vector field
Proca model
We start with the action for a massive charge neutral spin 1 vector field Aµ in 4D
SP =
∫
d4x LP , (7.1)
where the Lagrangian density is given as
LP = −
1
4
FµνF
µν +
M2
2
AµA
µ. (7.2)
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The field strength tensor is defined as Fµν = ∂µAν − ∂νAµ. We recall the convention for g
µν ,
i.e., gµν = diagonal (1,−1,−1,−1), where µ, ν = 0, 1, 2, 3. The canonically conjugate momenta
for Aµ field is
Πµ =
∂L
∂A˙µ
= Fµ0. (7.3)
This implies that the primary constraint of the theory is
Ω1 ≡ Π
0 ≈ 0. (7.4)
The Hamiltonian density of the theory is given by
H = ΠµA˙µ − L = Πi∂
iA0 −
1
2
Π2i +
1
2
FijF
ij −
1
2
M2AµA
µ. (7.5)
The time evolution for the dynamical variable Π0 can be written as
Π˙0 = [Π0,H], (7.6)
where the Hamiltonian H =
∫
d3x H. The constraints of the theory should be invariant under
time evolution and using (7.6) we obtain the secondary constraint
Ω2 ≡ [Π
0,H] = ∂iΠ
i +M2A0 ≈ 0. (7.7)
The constraint Ω2 contains A
0 which implies that [Ω1,Ω2] 6= 0. Hence, the Proca theory for
massive spin 1 vector field is endowed with the second-class constraint.
The propagator for this theory can be written in a simple manner as
iGµν(p) = −
i
p2 −M2
(
ηµν −
pµpν
M2
)
. (7.8)
Note that the propagator in this theory does not fall rapidly for large values of the momenta.
This leads to difficulties in establishing renormalizability of the (interacting) Proca theory for
massive photons. Hence the limit M → 0 of the Proca theory is clearly difficult to perceive.
The generating functional for the Proca theory is defined as
ZP ≡
∫
[DAµ] e
iSP . (7.9)
Stueckelberg theory
To remove the difficulties in the Proca model, Stueckelberg considered the following generalized
action
SST =
∫
d4x
[
−
1
4
FµνF
µν +
M2
2
(
Aµ −
1
M
∂µB
)2]
, (7.10)
by introducing a real scalar field B.
This action is invariant under the following gauge transformation:
Aµ(x)→ A
′
µ(x) = Aµ(x) + ∂µλ(x), (7.11)
B(x)→ B′(x) = B(x) +Mλ(x), (7.12)
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where λ is the gauge parameter. For the quantization of such theory one has to choose a gauge
condition. By choosing the ’t Hooft gauge condition, Lgf = −
1
2χ(∂
µAµ + χMB)
2 where χ is
any arbitrary gauge parameter, it is easy to see that the propagators are well behaved at high
momentum. As a result, there is no difficulty in establishing renormalizability for such theory.
Now we turn to the BRST symmetry for the Stueckelberg theory. Introducing a ghost (c) and
an antighost field (c¯) the effective Stueckelberg action can be written as
SST =
∫
d4x
[
−
1
4
FµνF
µν +
M2
2
(
Aµ −
1
M
∂µB
)2
−
1
2χ
(∂µAµ + χMB)
2 − c¯(∂2 + χM2)c
]
. (7.13)
This action is invariant under the following on-shell BRST transformation:
δbAµ = ∂µc Λ, δbB =Mc Λ,
δbc = 0, δbc¯ = −
1
χ
(∂µA
µ + χMB) Λ, (7.14)
where Λ is an infinitesimal, anticommuting and global parameter. The generating functional for
the Stueckelberg theory is defined as
ZST ≡
∫
[Dφ] eiSST [φ], (7.15)
where φ is the generic notation for all fields involved in the theory. All the Green functions in
this theory can be obtain from ZST .
7.1.2 Theory for self-dual chiral boson
A self-dual chiral boson can be described by the gauge variant as well as the gauge invariant
model. The purpose of this section is to introduce such models for a self-dual chiral boson.
Gauge variant theory for self-dual chiral boson
We start with the gauge variant model [66] in 2D for a single self-dual chiral boson. The effective
action for such a theory is given as
SCB =
∫
d2x LCB =
∫
d2x
[
1
2
ϕ˙2 −
1
2
ϕ′
2
+ λ(ϕ˙− ϕ′)
]
, (7.16)
where over dot and prime denote time and space derivatives respectively and λ is the Lagrange
multiplier. The field ϕ satisfies the self-duality condition ϕ˙ = ϕ′ in this case. We choose the
Lorentz metric gµν = (1,−1) with µ, ν = 0, 1. The associated momenta for the field ϕ and the
Lagrange multiplier are calculated as
piϕ =
∂LCB
∂ϕ˙
= ϕ˙+ λ, piλ =
∂LCB
∂λ˙
= 0, (7.17)
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which show that the model has the following primary constraint: Ω1 ≡ piλ ≈ 0. The Hamiltonian
density corresponding to the above Lagrangian density LCB in Eq. (7.16) is
HCB = piϕφ˙+ piλλ˙− LCB =
1
2
(piϕ − λ)
2 +
1
2
ϕ′2 + λϕ′. (7.18)
Further, we can write the total Hamiltonian density corresponding to LCB by introducing the
Lagrange multiplier field η for the primary constraint Ω1 as
HTCB =
1
2
(piϕ − λ)
2 +
1
2
ϕ′2 + λϕ′ + ηΩ1,
=
1
2
(piϕ − λ)
2 +
1
2
ϕ′2 + λϕ′ + ηpiλ. (7.19)
Following the Dirac prescription [13], we obtain the secondary constraint in this case as
Ω2 ≡ p˙iλ = [piλ,HCB ] = piϕ − λ− ϕ
′ ≈ 0. (7.20)
The constraints Ω1 and Ω2 are of second-class as [Ω1,Ω2] 6= 0. This is an essential feature of a
gauge variant theory.
This model is quantized by establishing the following commutation relations [66]
[ϕ(x), piϕ(y)] = [ϕ(x), λ(y)] = +iδ(x− y), (7.21)
2[λ(x), piϕ(y)] = [λ(x), λ(y)] = −2iδ
′(x− y), (7.22)
where prime denotes the space derivative. The rest of the commutator vanishes.
The generating functional for the gauge variant theory for a self-dual chiral boson is defined
as
ZCB =
∫
[Dφ] eiSCB , (7.23)
where Dφ is the path integral measure and SCB is the effective action for a self-dual chiral
boson.
Gauge invariant theory for self-dual chiral boson
To construct a gauge invariant theory corresponding to the gauge non-invariant model for chiral
bosons, one generally introduces the WZ term in the Lagrangian density LCB . For this purpose
we need to enlarge the Hilbert space of the theory by introducing a new quantum field ϑ, called
the WZ field, through the redefinition of fields ϕ and λ as follows [21]: ϕ→ ϕ− ϑ, λ→ λ+ ϑ˙.
With this redefinition of fields the modified Lagrangian density becomes
LICB = LCB + L
WZ
CB , (7.24)
where the WZ term
LWZCB = −
1
2
ϑ˙2 −
1
2
ϑ′
2
+ ϕ′ϑ′ + ϑ˙ϑ′ − ϑ˙ϕ′ − λ(ϑ˙− ϑ′). (7.25)
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The above Lagrangian density in Eq. (7.24) is invariant under time-dependent chiral gauge
transformation:
δϕ = µ(x, t), δϑ = µ(x, t), δλ = −µ˙(x, t),
δpiϕ = 0, δpiϑ = 0, δpλ = 0, (7.26)
where µ(x, t) is an arbitrary function of the space and time.
The BRST invariant effective theory for the self-dual chiral boson [73] can be written as
SIICB =
∫
d2x LIICB, (7.27)
where LIICB =
1
2
ϕ˙2 −
1
2
ϕ′
2
+ λ(ϕ˙− ϕ′)−
1
2
ϑ˙2 −
1
2
ϑ′
2
+ ϕ′ϑ′
+ ϑ˙ϑ′ − ϑ˙ϕ′ − λ(ϑ˙− ϑ′)−
1
2
(λ˙− ϕ− ϑ)2 + ˙¯cc˙− 2c¯c. (7.28)
c and c¯ are ghost and antighost fields respectively. The corresponding generating functional for
the gauge invariant theory for the self-dual chiral boson is given as
ZIICB =
∫
[Dφ] eiS
II
CB , (7.29)
where φ is generic notation for all fields involved in the effective action. The effective action
SIICB and the generating functional Z
II
CB are invariant under the following nilpotent BRST trans-
formation:
δbϕ = c Λ, δbλ = −c˙ Λ, δbϑ = c Λ,
δbc¯ = −(λ˙− ϕ− ϑ) Λ, δbc = 0, (7.30)
where Λ is the infinitesimal and anticommuting BRST parameter.
7.2 Relating the first-class and second-class theories through
FFBRST formulation: examples
In this section, we consider two examples to show the connection between the generating func-
tionals for theories with first-class and second-class constraints. First we show the connection
between the Stueckelberg theory and the Proca theory for massive vector fields. In the second
example we link the gauge invariant and the gauge variant theory for the self-dual chiral boson.
7.2.1 Connecting Stueckelberg and Proca theories
We start with the linearized form of the Stueckelberg effective action (7.13) by introducing a
Nakanishi-Lautrup type auxiliary field B as
SST =
∫
d4x
[
−
1
4
FµνF
µν +
1
2
M2
(
Aµ −
1
M
∂µB
)2
+
χ
2
B2 − B(∂µA
µ + χMB)− c¯(∂2 + χM2)c
]
, (7.31)
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which is invariant under the following off-shell nilpotent BRST transformation:
δbAµ = ∂µc Λ, δbB =Mc Λ, δbc = 0, δbc¯ = B Λ, δbB = 0. (7.32)
The FFBRST transformation corresponding to the above BRST transformation is constructed
as,
δbAµ = ∂µc Θb[φ], δbB =Mc Θb[φ], δbc = 0, δbc¯ = B Θb[φ], δbB = 0, (7.33)
where Θb[φ] is an arbitrary finite field dependent parameter but still anticommuting in nature.
To establish the connection we construct a finite field dependent parameter Θb obtainable from
Θ′b = iγ
∫
d4x
[
c¯
(
χMB −
χ
2
B + ∂µA
µ
)]
, (7.34)
via Eq. (2.5), where γ is an arbitrary parameter.
Using Eq. (2.7) the infinitesimal change in nontrivial Jacobian is calculated for this finite
field dependent parameter as
1
J
dJ
dκ
= iγ
∫
d4x
[
B
(
χMB −
χ
2
B + ∂µA
µ
)]
, (7.35)
where the equation of motion for the antighost field, (∂2 + χM2)c = 0, has been used.
We now make the following ansatz for S1:
S1 =
∫
d4x[ξ1(κ) B
2 + ξ2(κ) B∂µA
µ + ξ3(κ) χMBB], (7.36)
where ξi, (i = 1, 2, 3) are arbitrary κ dependent parameter and satisfy the following initial
conditions: ξi(κ = 0) = 0. Now, using the relation in Eq. (2.3) we calculate
dS1
dκ
as
dS1
dκ
=
∫
d4x
[
B2ξ′1 + B∂µA
µξ′2 + χMBBξ
′
3
]
, (7.37)
where prime denotes the differentiation with respect to κ. The Jacobian contribution can be
written as eS1 if the essential condition in Eq. (2.9) is satisfied. This leads to∫
[Dφ] ei(SST+S1)
[
iB2(ξ′1 + γ
χ
2
) + iB∂µA
µ(ξ′2 − γ) + iχMBB(ξ
′
3 − γ)
]
= 0. (7.38)
Equating the coefficients of terms iB2, iB∂µA
µ, and iχMBB from both sides of the above con-
dition, we get the following differential equations:
ξ′1 + γ
χ
2
= 0, ξ′2 − γ = 0, ξ
′
3 − γ = 0. (7.39)
To obtain the solution of the above equations we put γ = 1 without any loss of generality. The
solutions satisfying initial conditions are given as
ξ1 = −
χ
2
κ, ξ2 = κ, ξ3 = κ. (7.40)
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The transformed action can be obtained by adding S1(κ = 1) to SST as
SST + S1 =
∫
d4x
[
−
1
4
FµνF
µν +
1
2
M2
(
Aµ −
1
M
∂µB
)2
− c¯(∂2 + χM2)c
]
. (7.41)
Now the generating functional under FFBRST transforms as
Z ′ =
∫
[DAµDBDcDc¯]e
i(SST+S1). (7.42)
Integrating over the B, c, and c¯ fields, the above expression reduces to the generating functional
for the Proca model upto some renormalization constants as follows:
Z ′ =
∫
[DAµ] e
iSP = ZP . (7.43)
Therefore,
ZST
(
=
∫
[Dφ] eiSST
)
FFBRST
−−− −→ ZP
(
=
∫
[DAµ] e
iSP
)
. (7.44)
Thus, by constructing appropriate finite field dependent parameter (given in Eq. (7.33)) we
have shown that the generating functional for Stueckelberg theory is connected to the generating
functional for the Proca theory through FFBRST transformation. This indicates that the Green
functions in these two theories are related through FFBRST formulation.
7.2.2 Relating gauge invariant and the gauge variant theory for chiral boson
To see the connection between the gauge invariant and variant theories for chiral boson, we start
with the effective action for the gauge invariant self-dual chiral boson theory as
SIICB =
∫
d2x
[
1
2
ϕ˙2 −
1
2
ϕ′
2
+ λ(ϕ˙− ϕ′)−
1
2
ϑ˙2 −
1
2
ϑ′
2
+ ϕ′ϑ′
+ ϑ˙ϑ′ − ϑ˙ϕ′ − λ(ϑ˙ − ϑ′) +
1
2
B2 + B(λ˙− ϕ− ϑ) + ˙¯cc˙− 2c¯c
]
, (7.45)
where we have linearized the gauge-fixing part of the effective action by introducing the extra
auxiliary field B. This effective action is invariant under the following infinitesimal BRST
transformation:
δbϕ = c Λ, δbλ = −c˙ Λ, δbϑ = c Λ,
δbc¯ = B Λ, δbB = 0, δbc = 0. (7.46)
Corresponding FFBRST transformation is written as
δbϕ = c Θb[φ], δbλ = −c˙ Θb[φ], δbϑ = c Θb[φ],
δbc¯ = B Θb[φ], δbB = 0, δbc = 0, (7.47)
where Θb[φ] is arbitrary finite field dependent parameter, which we have to constructed. In this
case we construct the finite field dependent BRST parameter Θb[φ] obtainable from
Θ′b = iγ
∫
d2x
[
c¯(λ˙− ϕ− ϑ+
1
2
B)
]
, (7.48)
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using Eq. (2.5) and demand that the corresponding BRST transformation will lead to the gauge
variant theory for self-dual chiral boson.
To justify our claim we calculate the change in Jacobian, using equation of motion for
antighost field, as
1
J
dJ
dκ
= iγ
∫
d2x
[
B(λ˙− ϕ− ϑ+
1
2
B)
]
. (7.49)
We make an ansatz for local functional S1 as,
S1 =
∫
d2x
[
ξ1(κ) B
2 + ξ2(κ) B(λ˙− ϕ− ϑ)
]
. (7.50)
The change in S1 with respect to κ is calculated as
dS1
dκ
=
∫
d2x
[
ξ′1 B
2 + ξ′2 B(λ˙− ϕ− ϑ)
]
. (7.51)
Now, the necessary condition in Eq. (2.9) leads to the following equation:∫
[Dφ] ei(S
II
CB+S1)
[
iB2(ξ′1 −
γ
2
) + iB(λ˙− ϕ− ϑ)(ξ′2 − γ)
]
= 0. (7.52)
Equating the coefficients of terms iB2 and iB(λ˙−ϕ− ϑ) from both sides of above condition, we
get following differential equations:
ξ′1 −
γ
2
= 0, ξ′2 − γ = 0. (7.53)
The solutions of above equations are ξ1 = −
1
2κ, ξ2 = −κ, where we have taken the parameter
γ = −1. The transformed action is obtained by adding S1(κ = 1) to S
II
CB as
SIICB + S1 =
∫
d2x
[
1
2
ϕ˙2 −
1
2
ϕ′
2
+ λ(ϕ˙− ϕ′)−
1
2
ϑ˙2
−
1
2
ϑ′
2
+ ϕ′ϑ′ + ϑ˙ϑ′ − ϑ˙ϕ′ − λ(ϑ˙ − ϑ′) + ˙¯cc˙− 2c¯c
]
. (7.54)
Now the transformed generating functional becomes
Z ′ =
∫
[DϕDϑDλDcDc¯] ei(S
II
CB+S1). (7.55)
Performing integration over fields ϑ, c and c¯, the above generating functional reduces to the
generating functional for the self dual chiral boson upto some constant as
Z ′ =
∫
[DϕDλ] eiSCB = ZCB . (7.56)
Therefore,
ZIICB
(
=
∫
[Dφ] eiS
II
CB
)
FFBRST
−− −→ ZCB
(
=
∫
[DϕDλ] eiSCB
)
. (7.57)
Thus, the generating functionals corresponding to the gauge invariant and gauge non-invariant
theory for self-dual chiral boson are connected through the FFBRST transformation given in
Eq. (7.47).
We end up this section by making conclusion that using FFBRST formulation the generating
functional for the theory with second-class constraint can be achieved by generating functional
for theory with first-class constraint.
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7.3 First-class and second-class theories: FF-anti-BRST
formulation
In this section, we consider FF-anti-BRST formulation to show the same connection between
the generating functionals for theories with first-class and second-class constraints with same
examples. The FF-anti-BRST transformation is also developed in same fashion as FFBRST
transformation, the only key difference is the role of ghost fields are interchanged with antighost
fields and vice-versa.
7.3.1 Relating Stueckelberg and Proca theories
We start with anti-BRST symmetry transformation for effective action given in Eq. (7.31), as
δabAµ = ∂µc¯ Λ, δabB =Mc¯ Λ, δabc = −B Λ,
δabc¯ = 0, δabB = 0, (7.58)
where Λ is infinitesimal, anticommuting and global parameter. The FF-anti-BRST transforma-
tion corresponding to the above anti-BRST transformation is constructed as,
δabAµ = ∂µc¯ Θab, δabB =Mc¯ Θab, δabc = −B Θab,
δabc¯ = 0, δabB = 0, (7.59)
where Θab is an arbitrary finite field dependent parameter but still anticommuting in nature.
To establish the connection we choose a finite field dependent parameter Θab obtainable from
Θ′ab = −iγ
∫
d4x
[
c
(
χMB −
χ
2
B + ∂µA
µ
)]
, (7.60)
using Eq. (3.55), where γ is an arbitrary parameter.
Using Eq. (3.56) the infinitesimal change in nontrivial Jacobian can be calculated for this
finite field dependent parameter as
1
J
dJ
dκ
= −iγ
∫
d4x
[
−B
(
χMB −
χ
2
B + ∂µA
µ
)]
. (7.61)
To Jacobian contribution can be expressed as eiS2 . To calculate S2 we make following ansatz:
S2 =
∫
d4x[ξ5(κ)B
2 + ξ6(κ)B∂µA
µ + ξ7(κ)χMBB], (7.62)
where ξi, (i = 5, .., 7) are arbitrary κ dependent parameter and satisfy following initial condi-
tions: ξi(κ = 0) = 0. Now, infinitesimal change in S2 is calculated as
dS2
dκ
=
∫
d4x
[
B2ξ′5 + B∂µA
µξ′6 + χMBBξ
′
7
]
, (7.63)
where prime denotes the differentiation with respect to κ.
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Putting the expressions (7.61) and (7.63) in the essential condition given in Eq. (2.9), we
obtain ∫
[Dφ] ei(SST+S2)
[
B2(ξ′5 + γ
χ
2
) + B∂µA
µ(ξ′6 − γ) + χMBB(ξ
′
7 − γ)
]
= 0. (7.64)
Equating the coefficients of terms iB2, iB∂µA
µ, and iχMBB from both sides of above condition,
we get following differential equations:
ξ′5 + γ
χ
2
= 0, ξ′6 − γ = 0, ξ
′
7 − γ = 0. (7.65)
The solutions of the above differential equation for γ = 1 are ξ5 = −
χ
2κ, ξ6 = κ, ξ7 = κ. The
transformed action can be obtained by adding S2(κ = 1) to SST as
SST + S2 =
∫
d4x
[
−
1
4
FµνF
µν +
1
2
M2
(
Aµ −
1
M
∂µB
)2
− c¯(∂2 + χM2)c
]
. (7.66)
We perform integration over B, c and c¯ fields to remove the divergence of the transformed gen-
erating functional Z ′ =
∫
[DAµDBDcDc¯]e
i(SST+S2) and hence we get the generating functional
for the Proca model as
Z ′ =
∫
[DAµ]e
iSP = ZP . (7.67)
Therefore, ZST
FF−anti−BRST
−−−−− −→ ZP . Thus, by constructing the appropriate finite field depen-
dent parameter (given in Eq. (7.59)), we have shown that the generating functional for the
Stueckelberg theory is related to the generating functional for the Proca theory through the
FF-anti-BRST transformation also. However, the finite field dependent parameter is different
from that one involved in the FFBRST transformation. This indicates that the Green functions
in these two theories are related through the FFBRST and the FF-anti-BRST transformations.
7.3.2 Mapping between the gauge invariant and the gauge variant theory
for chiral boson
To connect the gauge invariant and gauge variant theories for the chiral boson through the
FF-anti-BRST transformation, first of all we write the anti-BRST transformation for effective
action (7.45) as
δabϕ = c¯ Λ, δabλ = − ˙¯c Λ, δabϑ = c¯ Λ,
δabc = −B Λ, δabB = 0, δabc¯ = 0. (7.68)
The corresponding FF-anti-BRST transformation is written as
δabϕ = c¯ Θab[φ], δabλ = − ˙¯c Θab[φ], δabϑ = c¯ Θab[φ],
δabc = −B Θab[φ], δabB = 0, δabc¯ = 0, (7.69)
where Θab[φ] is the arbitrary finite field dependent parameter. In this case, we construct the
finite field dependent anti-BRST parameter Θab[φ] obtainable from
Θ′ab = −iγ
∫
d2x
[
c(λ˙− ϕ− ϑ+
1
2
B)
]
, (7.70)
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using Eq. (3.55) and demand that the corresponding anti-BRST transformation will lead to the
gauge variant theory for the self-dual chiral boson.
We make an ansatz for local functional S2 in this case as
S2 =
∫
d2x
[
ξ5(κ) B
2 + ξ6(κ) B(λ˙− ϕ− ϑ)
]
. (7.71)
Now, the necessary condition in Eq. (2.9) leads to the following equation:∫
[Dφ] ei(S
II
CB+S2)
[
iB2(ξ′5 −
γ
2
) + iB(λ˙− ϕ− ϑ)(ξ′6 − γ)
]
= 0. (7.72)
Equating the coefficients of different terms on both sides of the above equation, we get the
following differential equations:
ξ′5 −
γ
2
= 0, ξ′6 − γ = 0. (7.73)
The solutions of above equations are ξ5 = −
1
2κ, ξ6 = −κ, where the parameter γ = −1. The
transformed action can be obtained by adding S2(κ = 1) to S
II
CB as
SIICB + S2 =
∫
d2x
[
1
2
ϕ˙2 −
1
2
ϕ′
2
+ λ(ϕ˙− ϕ′)−
1
2
ϑ˙2
−
1
2
ϑ′
2
+ ϕ′ϑ′ + ϑ˙ϑ′ − ϑ˙ϕ′ − λ(ϑ˙ − ϑ′) + ˙¯cc˙− 2c¯c
]
. (7.74)
After functional integration over fields ϑ, c and c¯ in the expression of transformed generating
functional, we get the generating functional as
Z ′ =
∫
[DϕDλ]eiSCB = ZCB . (7.75)
Therefore, ZIICB
FF−anti−BRST
−−−−− −→ ZCB . Thus, the generating functionals corresponding to the
gauge invariant and the gauge non-invariant theory for the self-dual chiral boson are also con-
nected through the FF-anti-BRST transformation given in Eq. (7.69).
We end up this section by making comment that the generating functional for the theory
with the second-class constraint can be obtained from the generating functional for theory with
the first-class constraint using both FFBRST and FF-anti-BRST transformations. The finite
parameters involved in the FFBRST transformation, which are responsible for these connection,
are different from the parameters in FF-anti-BRST transformation.
7.4 Conclusions
The Stueckelberg theory for massive spin 1 field and the gauge invariant theory for the self-dual
chiral boson are the first-class theories. On the other hand, the Proca theory for massive spin 1
field and the gauge variant theory for the self-dual chiral boson are theories with the second-class
constraint. We have shown that the FFBRST transformation relates the generating functionals
of second-class theory and first-class theory. The path integral measure in the definition of
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generating functional is not invariant under such FFBRST transformation and is responsible
for such connections. The Jacobian for path integral measure under such a transformation
with an appropriate finite parameter cancels the extra parts of the first-class theory. Our
result is supported by two explicit examples. In the first case we have related the generating
functional of the Stueckelberg theory to the generating functional of the Proca model and in the
second case the generating functionals corresponding to the gauge invariant theory and the gauge
variant theory for the self-dual chiral boson have linked through FFBRST transformation with
appropriate choices of the finite field dependent parameter. The same goal has been achieved
by using the FF-anti-BRST transformation. These formulations can be applied to connect the
generating functionals for any first-class and second-class theories provided appropriate finite
parameters are constructed. The complicacy arises due to the nonlocal and field dependent Dirac
brackets in the quantization of second-class theories can thus be avoided by using FFBRST/FF-
anti-BRST formulations which relate the Green functions of second-class theories to the first-
class theories. These formulations can be applied to connect the generating functionals for any
first-class (e.g. non-Abelian gauge theories) and second-class theories provided appropriate finite
parameters are constructed.
Chapter 8
Hodge-de Rham theorem in the
BRST context
In this chapter we study the different forms of BRST symmetry [73]. In particular we investigate
co-BRST and anti-co-BRST along with usual BRST and anti-BRST symmetries. The nilpotent
conserved charges for all these symmetries are calculated and have shown to satisfy the algebra
analogous to the algebra satisfied by de Rham cohomological operators. These results are shown
in a particular model namely (1+1) dimensional theory for a self-dual chiral boson.
8.1 Self-dual chiral boson: preliminary idea
We start with the gauge non-invariant model [66] in (1+1) dimensions for a single self-dual chiral
boson. The Lagrangian density for such a theory is given by
L =
1
2
ϕ˙2 −
1
2
ϕ′
2
+ λ(ϕ˙− ϕ′), (8.1)
where overdot and prime denote time and space derivatives, respectively, and λ is a Lagrange
multiplier. The field ϕ satisfies the self-duality condition ϕ˙ = ϕ′ in this case. We choose the
Lorentz metric gµν = (1,−1) where µ, ν = 0, 1. The associated momenta for the field ϕ and
Lagrange multiplier are calculated as
piϕ =
∂L
∂ϕ˙
= ϕ˙+ λ, piλ =
∂L
∂λ˙
= 0, (8.2)
which shows that the model has following primary constraint
Ω1 ≡ piλ ≈ 0. (8.3)
The expression for Hamiltonian density corresponding to above Lagrangian density L is
H = piϕφ˙+ piλλ˙− L =
1
2
(piϕ − λ)
2 +
1
2
ϕ′2 + λϕ′. (8.4)
Further we write the total Hamiltonian density corresponding to this L by introducing Lagrange
multiplier field ω for the primary constraint Ω1 as
HT =
1
2
(piϕ − λ)
2 +
1
2
ϕ′2 + λϕ′ + ωpiλ. (8.5)
Following the Dirac prescription [13], we obtain the secondary constraint in this case as
Ω2 ≡ p˙iλ = {piλ,H} = piϕ − λ− ϕ
′ ≈ 0. (8.6)
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The Poison bracket for primary and secondary constraint is nonvanishing, {Ω1,Ω2} 6= 0. This
implies the constraints Ω1 and Ω2 are of second-class, which is an essential feature of a gauge
variant theory (model).
This model is quantized by establishing the commutation relation [66]
[ϕ(x), piϕ(y)] = [ϕ(x), λ(y)] = −iδ(x − y) (8.7)
2[λ(x), piϕ(y)] = [λ(x), λ(y)] = 2iδ
′(x− y), (8.8)
and the rest of the commutators vanish.
8.1.1 Wess-Zumino term and Hamiltonian formulation
To construct a gauge invariant theory corresponding to this gauge non-invariant model for chiral
bosons, one generally introduces the Wess-Zumino term in the Lagrangian density L. For this
purpose one has to enlarge the Hilbert space of the theory by introducing a new quantum field ϑ,
called as Wess-Zumino field, through the redefinition of fields ϕ and λ in the original Lagrangian
density L [Eq. (8.1)] as follows [21]:
ϕ→ ϕ− ϑ, λ→ λ+ ϑ˙. (8.9)
With these redefinition of fields the modified Lagrangian density becomes
LI = L −
1
2
ϑ˙2 −
1
2
ϑ′
2
+ ϕ′ϑ′ + ϑ˙ϑ′ − ϑ˙ϕ′ − λ(ϑ˙− ϑ′)
= L+ LWZ , (8.10)
where
LWZ = −
1
2
ϑ˙2 −
1
2
ϑ′
2
+ ϕ′ϑ′ + ϑ˙ϑ′ − ϑ˙ϕ′ − λ(ϑ˙− ϑ′), (8.11)
is the Wess-Zumino part of the LI . It is easy to check that the above Lagrangian density is
invariant under time-dependent chiral gauge transformation:
δϕ = µ(x, t), δϑ = µ(x, t), δλ = −µ˙(x, t)
δpiϕ = 0, δpiϑ = 0, δpλ = 0, (8.12)
where µ(x, t) is an arbitrary function of the space and time. The canonical momenta for this
gauge-invariant theory are calculated as
piλ =
∂LI
∂λ˙
= 0, piϕ =
∂LI
∂ϕ˙
= ϕ˙+ λ
piϑ =
∂LI
∂ϑ˙
= −ϑ˙− ϕ′ + ϑ′ − λ. (8.13)
This implies the theory LI possesses a primary constraint
ψ1 ≡ piλ ≈ 0. (8.14)
The Hamiltonian density corresponding to LI is then given by
HI = piϕϕ˙+ piϑϑ˙+ piλλ˙− L
I . (8.15)
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The total Hamiltonian density after the introduction of a Lagrange multiplier field u correspond-
ing to the primary constraint Ψ1 becomes
HIT =
1
2
pi2ϕ −
1
2
pi2ϑ + piϑϑ
′ − piϑϕ
′ − λpiϕ − λpiϑ + upiλ. (8.16)
Following the Dirac method of constraint analysis we obtain the secondary constraint
ψ2 ≡ (piϕ + piϑ) ≈ 0. (8.17)
In Dirac’s quantization procedure [13], we have to change the first-class constraints of the theory
into second-class constraints. To achieve this we impose some additional constraints on the
system in the form of gauge-fixing conditions ∂µϑ = 0 (∂0ϑ = ϑ˙ = 0 and −∂1ϑ = −ϑ
′ = 0) [102].
With the above choice of gauge-fixing conditions the extra constraints of the theory are
ξ1 ≡ −ϑ
′ ≈ 0, ξ2 ≡ (piϑ − ϑ
′ + ϕ′ + λ) ≈ 0. (8.18)
Now, the total set of constraints after gauge fixing are
χ1 = ψ1 ≡ piλ ≈ 0, χ2 = ψ2 ≡ (piϕ + piϑ) ≈ 0
χ3 = ξ1 ≡ −ϑ
′ ≈ 0, χ4 = ξ2 ≡ (piϑ − ϑ
′ + ϕ′ + λ) ≈ 0. (8.19)
The nonvanishing commutators of gauge invariant theory are obtained as
[ϕ(x), piϕ(y)] = [ϕ(x), λ(y)] = −iδ(x− y) (8.20)
2[λ(x), piϕ(y)] = [λ(x), λ(y)] = +2iδ
′(x− y) (8.21)
[ϑ(x), piϑ(y)] = 2[ϕ(x), piϑ(y)] = −2iδ(x − y) (8.22)
[λ(x), piϑ(y)] = −iδ
′(x− y). (8.23)
We end up the section with the conclusion that the above relations (8.20)-(8.23), together with
HIT [Eq. (8.16)], reproduce the same quantum system described by L under the gauge condition
(8.18). This is similar to the quantization of a gauge invariant chiral Schwinger model (with an
appropriate Wess-Zumino term) [102].
8.2 BFV formulation for model of self-dual chiral boson
In the BFV formulation of self-dual chiral boson, we need to introduce a pair of canonically
conjugate ghosts (c, p) with ghost numbers 1 and −1 respectively, for the first-class constraint
piλ = 0, and another pair of ghosts (c¯, p¯) with ghost number −1 and 1, respectively, for the
secondary constraint, (piϕ + piϑ) = 0. The effective action for this (1 + 1) dimensional theory
with a single self-dual chiral boson in this extended phase space then becomes
Seff =
∫
d2x
[
piϕϕ˙+ piϑϑ˙+ puu˙− piλλ˙−
1
2
pi2ϕ +
1
2
pi2ϑ
− piϑ(ϑ
′ − ϕ′) + c˙p+ ˙¯cp¯− {Qb,Ψ}] , (8.24)
where Qb is the BRST charge and Ψ is the gauge-fixed fermion.
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The generating functional, for any gauge invariant effective theory having Ψ as a gauge-fixed
fermion, is defined as
ZΨ =
∫
Dφ exp
[
i
∫
d2x Seff
]
, (8.25)
where φ is generic notation for all the dynamical field involved in the effective theory. The
BRST symmetry generator for this theory is written as
Qb = ic(piϕ + piϑ)− ip¯piλ. (8.26)
The canonical brackets are defined for all dynamical variables as
[ϑ, piϑ] = −i, [ϕ, piϕ] = −i, [λ, piλ] = −i,
[u, pu] = −i, {c, ˙¯c} = i, {c¯, c˙} = −i, (8.27)
and the rest of the brackets are zero. The nilpotent BRST transformation, using Eqs. (2.29)
and (8.26), is then explicitly calculated as
sbϕ = −c, sbλ = p¯, sbp¯ = 0, sbϑ = −c sbpiϕ = 0, sbu = 0,
sbpiϑ = 0, sbp = (piϕ + piϑ) sbc¯ = piλ, sbpiλ = 0, sbc = 0, sbpu = 0. (8.28)
In BFV formulation the generating functional is independent of the gauge-fixed fermion [5, 6],
hence we have the freedom to choose it in the convenient way as
Ψ = pλ+ c¯
(
ϑ+ ϕ+
ξ
2
piλ
)
, (8.29)
where ξ is arbitrary gauge parameter.
Putting the value of Ψ in Eq. (8.24) and using Eq. (8.26), we get
Seff =
∫
d2x
[
piϕϕ˙+ piϑϑ˙+ puu˙− piλλ˙−
1
2
pi2ϕ +
1
2
pi2ϑ − piϑ(ϑ
′ − ϕ′)
+ c˙p+ ˙¯cp¯+ λ(piϕ + piϑ) + 2cc¯− p¯p+ piλ
(
ϑ+ ϕ+
ξ
2
piλ
)]
. (8.30)
The generating functional for this effective theory is then expressed as
ZΨ =
∫
Dφ exp
[
i
∫
d2x
{
piϕϕ˙+ piϑϑ˙+ puu˙− piλλ˙
−
1
2
pi2ϕ +
1
2
pi2ϑ − piϑ(ϑ
′ − ϕ′) + c˙p+ ˙¯cp¯+ λ(piϕ + piϑ)
+ 2cc¯− p¯p+ piλ
(
ϑ+ ϕ+
ξ
2
piλ
)}]
. (8.31)
Performing the integration over p and p¯ in the above functional integration we further obtain
ZΨ =
∫
Dφ′ exp
[
i
∫
d2x
{
piϕϕ˙+ piϑϑ˙+ puu˙− piλλ˙
−
1
2
pi2ϕ +
1
2
pi2ϑ − piϑ(ϑ
′ − ϕ′) + ˙¯cc˙+ λ(piϕ + piϑ)
+ 2cc¯ + piλ
(
ϑ+ ϕ+
ξ
2
piλ
)}]
, (8.32)
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where Dφ′ is the path integral measure for effective theory when integrations over fields p and
p¯ are carried out. Taking the arbitrary gauge parameter ξ = 1 and performing the integration
over piλ, we obtain an effective generating functional as
ZΨ =
∫
Dφ′′ exp
[
i
∫
d2x
{
piϕϕ˙+ piϑϑ˙+ puu˙−
1
2
pi2ϕ +
1
2
pi2ϑ
+ piϑ(ϕ
′ − ϑ′ + λ) + ˙¯cc˙+ piϕλ− 2c¯c−
(
λ˙− ϑ− ϕ
)2
2



 , (8.33)
where Dφ′′ denotes the measure corresponding to all the dynamical variable involved in this
effective action. The expression for effective action in the above equation is exactly same as
the BRST invariant effective action in Ref. [103]. The BRST symmetry transformation for this
effective theory is
sbϕ = −c, sbλ = c˙, sbϑ = −c, sbpiϕ = 0, sbu = 0,
sbpiϑ = 0, sbc¯ = −(λ˙− ϑ− ϕ), sbc = 0, sbpu = 0, (8.34)
which is on-shell nilpotent. Antighost equation of motion (i.e. c¨ + 2c = 0) is required to show
the nilpotency.
8.3 Nilpotent symmetries: many guises
In this section we study the different forms of the nilpotent BRST symmetry of the system
of single self-dual chiral boson. In particular, we discuss co-BRST anti-co-BRST, bosonic and
ghost symmetries in the context of self-dual chiral boson.
8.3.1 Off-shell BRST and anti-BRST Symmetry
To study the off-shell BRST and anti-BRST transformations we incorporate Nakanishi-Lautrup
type auxiliary field B to linearize the gauge-fixing part of the effective action written as
Seff =
∫
d2xLeff , (8.35)
where,
Leff = piϕϕ˙+ piϑϑ˙+ puu˙−
1
2
pi2ϕ +
1
2
pi2ϑ + piϑ(ϕ
′ − ϑ′ + λ)
+ piϕλ+
1
2
B2 +B(λ˙− ϕ− ϑ) + ˙¯cc˙− 2c¯c. (8.36)
This effective theory is invariant under the following off-shell nilpotent BRST transformation:
sbϕ = −c, sbλ = c˙, sbϑ = −c
sbpiϕ = 0, sbu = 0, sbpiϑ = 0
sbc¯ = B, sbB = 0, sbc = 0, sbpu = 0. (8.37)
8.3. Nilpotent symmetries: many guises 81
The corresponding anti-BRST symmetry transformation for this theory is written as
sabϕ = −c¯, sabλ = ˙¯c, sabϑ = −c¯
sabpiϕ = 0, sabu = 0, sabpiϑ = 0
sabc = −B, sabB = 0, sabc¯ = 0, sabpu = 0. (8.38)
The conserved BRST and anti-BRST charges Qb and Qab, respectively, which are the generator
of the above BRST and anti-BRST transformations, are
Qb = i(piϕ + piϑ)c− ipiλc˙, (8.39)
Qab = i(piϕ + piϑ)c¯− ipiλ ˙¯c. (8.40)
Further by using the equations of motion
B + p˙iϕ = 0, B + p˙iϑ = 0, ϕ˙− piϕ + λ = 0
ϑ˙+ piϑ + ϕ
′ − ϑ′ + λ = 0, B˙ = piϕ + piϑ
u˙ = 0, p˙u = 0, ¨¯c+ 2c¯ = 0, c¨+ 2c = 0
B + λ˙− ϕ− ϑ = 0, (8.41)
it can be shown that these charges are constant of motion i.e. Q˙b = 0, Q˙ab = 0 and satisfy the
relations
Q2b = 0, Q
2
ab = 0, QbQab +QabQb = 0. (8.42)
To arrive at these relations, we have used the canonical brackets [Eq. (8.27)] of the fields and
the definition of canonical momenta,
piλ = B, pic¯ = c˙, pic = − ˙¯c, piu = pu. (8.43)
We come to the end of this section with the remark that the condition for the physical states
Qb |phys〉 = 0 and Qab |phys〉 = 0 leads to the requirement that
(piϕ + piϑ) |phys〉 = 0 (8.44)
and
piλ |phys〉 = 0. (8.45)
This implies that the operator form of the first-class constraints piλ ≈ 0 and (piϕ + piϑ) ≈ 0
annihilate the physical state of the theory. Thus, the physicality criterion is consistent with the
Dirac method [84] of quantization.
8.3.2 Co-BRST and anti-co-BRST symmetries
In this subsection we investigate the nilpotent co-BRST and anti-co-BRST (alternatively known
as dual and anti-dual-BRST respectively) transformations which are also the symmetry of the
effective action. Further these transformations leave the gauge-fixing term of the action invariant
independently and the kinetic energy term (which remains invariant under BRST and anti-BRST
transformations) transforms under it to compensate the terms arises due to the transformation
of the ghost terms. The gauge-fixing term has its origin in the co-exterior derivative δ = ±∗ d∗,
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where ∗ represents the Hodge duality operator. The ± signs is dictated by the dimensionality
of the manifold [85]. Therefore, it is appropriate to call these transformations a dual and an
anti-dual-BRST transformation.
The nilpotent co-BRST transformation (s2d = 0) and anti-co-BRST transformation (s
2
ad = 0)
which are absolutely anticommuting (sdsad + sadsd = 0) are
sdϕ = −
1
2
˙¯c, sdλ = −c¯, sdϑ = −
1
2
˙¯c
sdpiϕ = 0, sdu = 0, sdpiϑ = 0, sdpu = 0
sdc =
1
2
(piϕ + piϑ), sdB = 0, sdc¯ = 0. (8.46)
sadϕ = −
1
2
c˙, sadλ = −c, sadϑ = −
1
2
c˙
sadpiϕ = 0, sadu = 0, sadpiϑ = 0, sadpu = 0
sadc¯ = −
1
2
(piϕ + piϑ), sadB = 0, sadc = 0. (8.47)
The conserved charges for the above symmetries are obtained using Noether’s theorem as
Qd = i
1
2
(piϕ + piϑ) ˙¯c+ ipiλc¯, (8.48)
Qad = i
1
2
(piϕ + piϑ)c˙+ ipiλc. (8.49)
Qd and Qad generate the symmetry transformations in Eqs. (8.46) and (8.47), respectively. It
is easy to verify the following relations satisfied by these conserved charges:
sdQd = −{Qd, Qd} = 0,
sadQad = −{Qad, Qad} = 0,
sdQad = −{Qad, Qd} = 0,
sadQd = −{Qd, Qad} = 0. (8.50)
These relations reflect the nilpotency and anticommutativity property of sd and sad (i.e. s
2
d =
0, s2ad = 0 and sdsad + sadsd = 0).
8.3.3 Bosonic symmetry
In this subsection we construct the bosonic symmetry out of different nilpotent BRST symme-
tries of the theory. The BRST (sb), anti-BRST (sab), co-BRST (sd) and anti-co-BRST (sad)
symmetry operators satisfy the following algebra:
{sd, sad} = 0, {sb, sab} = 0 (8.51)
{sb, sad} = 0, {sd, sab} = 0, (8.52)
{sb, sd} ≡ sw, {sab, sad} ≡ sw¯. (8.53)
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The anticommutators in Eq. (8.53) define the bosonic symmetry of the system. Under this
bosonic symmetry transformation the field variables transform as
swϕ = −
1
2
(B˙ + piϕ + piϑ), swλ = −
1
2
(2B − p˙iϕ − p˙iϑ),
swϑ = −
1
2
(B˙ + piϕ + piϑ), swpiϕ = 0, swpiϑ = 0,
swu = 0, swpu = 0, swc = 0, swB = 0, swc¯ = 0. (8.54)
However, the symmetry operator sw¯ is not an independent bosonic symmetry transformation as
shown by
sw¯ϕ =
1
2
(B˙ + piϕ + piϑ), sw¯λ =
1
2
(2B − p˙iϕ − p˙iϑ),
sw¯ϑ =
1
2
(B˙ + piϕ + piϑ), sw¯piϕ = 0, sw¯u = 0,
sw¯piϑ = 0, sw¯pu = 0, sw¯c = 0, sw¯B = 0, sw¯c¯ = 0. (8.55)
Now, it is easy to see that the operators sw and sw¯ satisfy the relation sw+sw¯ = 0. This implies,
from Eq. (8.53), that
{sb, sd} = sw = −{sab, sad}, (8.56)
It is clear from the above algebra that the operator sw is the analog of the Laplacian opera-
tor in the language of differential geometry and the conserved charge for the above symmetry
transformation is calculated as
Qw = −i
[
B2 +
1
2
(piϕ + piϑ)
2
]
. (8.57)
Using the equation of motion, it can readily be checked that
dQw
dt
= −i
∫
dx[2BB˙ + (piϕ + piϑ)(p˙iϕ + p˙iϑ)] = 0. (8.58)
Hence Qw is the constant of motion for this theory.
8.3.4 Ghost and discrete symmetries
Now we would like to mention yet another symmetry of the system namely the ghost symmetry.
The ghost number of the ghost and antighost fields are 1 and −1, respectively, the rest of the
variables in the action of the this theory have ghost number zero. Keeping this fact in mind
we can introduce a scale transformation of the ghost field, under which the effective action is
invariant, as
ϕ → ϕ, ϑ→ ϑ, piϕ → piϕ, piϑ → piϑ,
u → u pu → pu, λ→ λ, B → B,
c → eτc, c¯→ e−τ c¯, (8.59)
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where τ is a global scale parameter. The infinitesimal version of the ghost scale transformation
can be written as
sgϕ = 0, sgϑ = 0, sgλ = 0,
sgpiϕ = 0, sgu = 0, sgpiϑ = 0,
sgpu = 0, sgc = c, sgB = 0,
sgc¯ = −c¯. (8.60)
The Noether conserved charge for the above symmetry transformations is
Qg = i[ ˙¯cc+ c˙c¯]. (8.61)
In addition to the above continuous symmetry transformation, the ghost sector respects the
discrete symmetry transformations
c→ ±ic¯, c¯→ ±ic. (8.62)
The above discrete symmetry transformation is useful to obtain the anti-BRST symmetry trans-
formation from the BRST symmetry transformation and vice versa.
8.4 Geometrical cohomology
In this section we study the de Rham cohomological operators and their realization in terms
of conserved charges which generate the symmetries for the theory of self-dual chiral boson. In
particular we point out the similarity between the algebra obeyed by de Rham cohomological
operators and that by different BRST conserved charges.
8.4.1 Hodge-de Rham decomposition theorem and differential operators
The de Rham cohomological operators in differential geometry obey the following algebra:
d2 = δ2 = 0, ∆ = (d+ δ)2 = dδ + δd ≡ {d, δ}
[∆, δ] = 0, [∆, d] = 0, (8.63)
where d, δ and ∆ are the exterior, co-exterior and Laplace-Beltrami operator, respectively. The
operators d and δ are adjoint or dual to each other and ∆ is self-adjoint operator [104]. It is
well known that the exterior derivative raises the degree of a form by one when it operates on
it (i.e. dfn ∼ fn+1). On the other hand, the dual-exterior derivative lowers the degree of a form
by one when it operates on forms (i.e. δfn ∼ fn−1). However, ∆ does not change the degree of
form (i.e. dfn ∼ fn). Here fn denotes an arbitrary n-form object.
Let M be a compact, orientable Riemannian manifold; then an inner product on the vector
space En(M) of n-forms on M can be defined as [105]
(α, β) =
∫
M
α ∧ ∗β, (8.64)
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for α, β ∈ En(M) and ∗ represents the Hodge duality operator [106]. Suppose that α and β are
forms of degree n and n + 1, respectively, then the following relation for inner product will be
satisfied
(dα, β) = (α, δβ). (8.65)
Similarly, if β is a form of degree n − 1, then we have the relation (α, dβ) = (δα, β). Thus,
the necessary and sufficient condition for α to be closed is that it should be orthogonal to all
co-exact forms of degree n. The form ω ∈ En(M) is called harmonic if ∆ω = 0. Now let β be a
n-form on M and if there exists another n-form α such that ∆α = β, then for a harmonic form
γ ∈ Hn,
(β, γ) = (∆α, γ) = (α,∆γ) = 0, (8.66)
where Hn(M) denote the subspace of En(M) of harmonic forms on M . Therefore, if a form α
exists with the property that ∆α = β, then Eq. (8.66) is a necessary and sufficient condition
for β to be orthogonal to the subspace Hn. This reasoning leads to the idea that En(M) can
be partitioned into three distinct subspaces Λnd , Λ
n
δ and H
n which are consistent with exact, co-
exact and harmonic forms, respectively. Therefore, the Hodge-de Rham decomposition theorem
can be stated [107].
A regular differential form of degree n (α) may be uniquely decomposed into a sum of the
harmonic form (αH), exact form (αd) and co-exact form (αδ) i.e.
α = αH + αd + αδ, (8.67)
where αH ∈ H
n, αδ ∈ Λ
n
δ and αd ∈ Λ
n
d .
8.4.2 Hodge-de Rham decomposition theorem and conserved charges
The conserved charges for all the symmetry transformations satisfy the following algebra:
Q2b = 0, Q
2
ab = 0, Q
2
d = 0, Q
2
ad = 0,
{Qb, Qab} = 0, {Qd, Qad} = 0, {Qb, Qad} = 0,
{Qd, Qab} = 0, [Qg, Qb] = Qb, [Qg, Qad] = Qad,
[Qg, Qd] = −Qd, [Qg, Qab] = −Qab,
{Qb, Qd} = Qw = −{Qad, Qab}, [Qw, Qr] = 0. (8.68)
This can be checked easily by using the canonical brackets in Eq. (8.27), where Qr generi-
cally represents the charges for BRST symmetry (Qb), anti-BRST symmetry (Qab), dual-BRST
symmetry (Qd), anti-dual-BRST symmetry (Qad) and ghost symmetry (Qg). We note that the
relations between the conserved charges Qb and Qd as well as Qab and Qad mentioned in the
last line of (8.68) can be established by using the equation of motions only.
This algebra is reminiscent of the algebra satisfied by the de Rham cohomological operators
of differential geometry given in Eq. (8.63). Comparing (8.63) and (8.68) we obtain the following
analogies:
(Qb, Qad)→ d, (Qd, Qab)→ δ, Qw → ∆. (8.69)
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Let n be the ghost number associated with a particular state |ψ〉n defined in the total Hilbert
space of states, i.e.,
iQg |ψ〉n = n |ψ〉n (8.70)
Then it is easy to verify the relations
QgQb |ψ〉n = (n+ 1)Qb |ψ〉n , QgQad |ψ〉n = (n+ 1)Qad |ψ〉n ,
QgQd |ψ〉n = (n− 1)Qb |ψ〉n , QgQab |ψ〉n = (n − 1)Qb |ψ〉n ,
QgQw |ψ〉n = nQw |ψ〉n , (8.71)
which imply that the ghost numbers of the states Qb |ψ〉n, Qd |ψ〉n and Qw |ψ〉n are (n+1), (n−1)
and n, respectively. The states Qab |ψ〉n and Qad |ψ〉n have ghost numbers (n− 1) and (n+ 1),
respectively. The properties of d and δ are mimicked by the sets (Qb, Qad) and (Qd, Qab),
respectively. It is evident from Eq. (8.71) that the set (Qb, Qad) raises the ghost number of
a state by one and on the other hand the set (Qd, Qab) lowers the ghost number of the same
state by one. These observations, keeping the analogy with the Hodge-de Rham decomposition
theorem, enable us to express any arbitrary state |ψ〉n in terms of the sets (Qb, Qd, Qw) and
(Qad, Qab, Qw) as
|ψ〉n = |w〉n +Qb |χ〉n−1 +Qd |φ〉n+1 , (8.72)
|ψ〉n = |w〉n +Qad |χ〉n−1 +Qab |φ〉n+1 , (8.73)
where the most symmetric state is the harmonic state |w〉n that satisfies
Qw |w〉n = 0, Qb |w〉n = 0, Qd |w〉n = 0,
Qab |w〉n = 0, Qad |w〉n = 0, (8.74)
analogous to Eq. (8.66). It is quite interesting to point out that the physicality criterion of all
the fermionic charges Qb, Qab, Qd and Qad, i.e.,
Qb |phys〉 = 0, Qab |phys〉 = 0,
Qd |phys〉 = 0, Qad |phys〉 = 0, (8.75)
leads to the following conditions:
piλ |phys〉 = 0, (piϕ + piϑ) |phys〉 = 0. (8.76)
This is the operator form of the first-class constraint which annihilates the physical state as a
consequence of the above physicality criterion, which is consistent with the Dirac method of
quantization of a system with first-class constraints.
8.5 Conclusions
The BFV technique plays an important role in the gauge theory to analyze the constraint and
the symmetry of the system. We have considered such a powerful technique to study the theory
of a self-dual chiral boson. In particular we have derived the nilpotent BRST symmetry trans-
formation for this theory using the BFV technique. Further we have studied the dual-BRST
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transformation which is also the symmetry of the effective action and which leaves the gauge-
fixing part of effective action invariant separately. Interchanging the role of ghost and antighost
fields the anti-BRST and anti-dual-BRST symmetry transformations are also constructed. We
have shown that the nilpotent BRST and anti-dual-BRST symmetry transformations are anal-
ogous to the exterior derivative as the ghost number of the state |ψ〉n on the total Hilbert space
is increased by one when these operate on |ψ〉n and the algebra followed by these are the same
as the algebra obeyed by the de Rham cohomological operators. In a similar fashion the dual-
BRST and anti-BRST symmetry transformations are linked to the co-exterior derivative. The
anticommutator of either the BRST and the dual-BRST transformations or anti-BRST and anti-
dual-BRST transformations leads to a bosonic symmetry which turns out to be the analog of
the Laplacian operator. Further, the effective theory has a non-nilpotent ghost symmetry trans-
formation which leaves the ghost terms of the effective action invariant independently. Further
we have noted that the Hodge duality operator (∗) does not exist for the theory of a self-dual
chiral boson in (1+1) dimensions because effectively this theory reduces to a theory in (0+1)
dimensions due to the self-duality condition of fields (ϕ˙ = ϕ′ as well as ϑ˙ = ϑ′). The algebra
satisfied by the conserved charges is exactly the same in appearance as the algebra of the de
Rham cohomological operators of differential geometry. These lead to the conclusion that the
theory for self-dual chiral boson is a Hodge theory.
Chapter 9
Concluding Remarks
In this thesis we have considered the extension of the finite field dependent BRST transformation
(FFBRST) and its applications on gauge field theories.
We have started with the brief introduction of the BRST formalism and its importance in
the study of gauge field theories. We have not only discussed the BRST formalism for simple
gauge theories where the gauge algebra is closed or irreducible but have also discussed the BRST
quantization for the more general class of the gauge theories when the gauge group is allowed to
be open and/or irreducible. In particular, BV (field/antifield) formulation and BFV technique
have been discussed using the BRST transformation. There are various generalizations of the
BRST transformation in literature. The finite field dependent BRST transformation is one of
the most important generalizations of the BRST transformation. The FFBRST transformation
is also the symmetry of the effective action and nilpotent. However, such a finite transformation
does not leave the generating functional invariant as the Jacobian in the definition of generating
functional is not invariant due to finiteness of the parameter. But this nontrivial Jacobian under
certain condition can be replaced by eiS1 , where S1 is local functional of the fields. Thus, the
FFBRST transformation is extremely useful in connecting two different effective theories.
In this thesis we mainly focused on further generalization of such transformation with new
applications. We have started with some basic techniques and mathematical tools relevant for
this thesis in chapter two.
The generalization of BRST transformation considered earlier was on-shell nilpotent as equa-
tion of motion for some of the fields were used to show the nilpotency. In chapter three, we have
constructed the off-shell nilpotent FFBRST transformation in 1-form gauge theories by intro-
ducing a Nakanishi-Lautrup type auxiliary field. Further, we have developed both the on-shell
and the off-shell FF-anti-BRST transformations, by making the infinitesimal anti-BRST param-
eter finite and field dependent, for 1-form gauge theories. The FF-anti-BRST transformation
also plays the same role as the FFBRST transformation and connects the two different effective
theories. Thus, same pair of the theories are shown to be connected through both FFBRST
and FF-anti-BRST transformations but with the different finite parameters. We have shown
these by connecting the YM theories in the different covariant and noncovariant gauges (like the
Lorentz gauge, the axial gauge, the Coulomb gauge and the quadratic gauge). The connection
between generating functional for the YM theory to that of the most general Faddeev-popov
effective theory have also been established. We have noted that the nontrivial Jacobians of the
path integral measures which arise due to the FFBRST and the FF-anti-BRST transformations
are responsible for such connection. We have further observed that the off-shell FFBRST and
FF-anti-BRST formulations are more simpler and elegant to that of the on-shell transformations.
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In chapter four, we have constructed the FFBRST transformation for an Abelian rank-2
tensor field theory by making the infinitesimal BRST parameter finite and field dependent. It
has been shown that such finite transformation plays a crucial role in studying the Abelian 2-form
gauge theory in noncovariant gauges. We have considered the axial gauge and the Coulomb gauge
as the possible candidates for the noncovariant gauges. The generating functional of the 2-form
gauge theories in different gauges have been connected through such FFBRST transformation
with the different choices of finite field dependent parameters. We have further derived the FF-
anti-BRST transformation and have shown that the FF-anti-BRST transformation with different
finite parameters also relates the generating functional for the different effective theories. The
BV formulation for this Abelian 2-form gauge theory has also been studied in the context of the
FFBRST transformation. The effective theories of Abelian rank-2 tensor field in different gauges
are considered as the different solutions of the quantummaster equation. We have shown that the
FFBRST transformation with appropriate finite parameters connects the generating functional
corresponding to the different solutions of the quantum master equation in BV formulation.
In the YM theories, even after fixing the gauge, the redundancy of the gauge fields is not
completely removed in certain covariant gauges for the large gauge fields. This Gribov problem
has been resolved in the GZ theory by adding an extra term, known as horizon term, to the YM
effective action. The Kugo-Ojima (KO) criterion for color confinement in manifestly covariant
gauge is not satisfied in the GZ theory due to the presence of the horizon term which breaks the
usual BRST symmetry. However, this theory has been extended to restore the BRST symmetry
and hence to satisfy the KO criterion for color confinement. In chapter five, we have developed
the FFBRST transformation for the GZ theory with appropriate horizon term exhibiting the
exact BRST invariance. By constructing appropriate finite field dependent parameter we have
mapped the generating functional of the GZ theory, which is free from the Gribov copies to
that of the Yang-Mills theory through FFBRST transformation. Thus, the theory with Gribov
copies are related through a field transformation to the theory without Gribov copies. We have
shown that same results also holds in the BV formulation of the GZ theory.
In chapter six, we have introduced a new finite nilpotent symmetry, namely finite field de-
pendent mixed BRST (FFMBRST) symmetry. Mixed BRST transformation is the combination
of usual BRST and anti-BRST symmetry. Infinitesimal mixed BRST transformation has been
integrated to construct the FFMBRST transformation. These finite transformations are an ex-
act nilpotent symmetry of both the effective action as well as the generating functional for the
certain choices of the finite parameters. Further, it has been shown that the Jacobian contri-
butions for the path integral measure arising from BRST and anti-BRST part compensate each
other. Such symmetry transformation has also been considered in the field/antifield formulation
to show that the solutions of the quantum master equation remain invariant under this.
We have shown yet another application of the FFBRST transformation by establishing the
connection between the generating functional for the first-class theories and the second-class
theories. The Stueckelberg theory for the massive spin 1 field and the gauge invariant theory for
a self-dual chiral boson have considered as the first-class theories. However, the Proca theory
for massive spin 1 field and gauge variant theory for self-dual chiral boson are considered as
the second-class constraint theories. The connection have been made with the help of explicit
calculations in the two above mentioned models. In the first example, the generating functional
of the Proca model has been obtained from the generating functional of the Stueckelberg theory
for massive spin 1 vector field. In the other example, we have related the generating functionals
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for the gauge invariant and the gauge variant theory for self-dual chiral boson. Thus, we can
obtain the Green functions of the second-class theories from the Green functions of the first-class
theories in our formulation. Complicated nonlocal Dirac bracket analysis for the study of the
second-class theory is thus avoided in our FFBRST formulation.
In chapter eight, the (1+1) dimensional theory for a single self-dual chiral boson has been
considered as a classical model for gauge theory. Using the BFV technique, the nilpotent BRST
and anti-BRST symmetry transformations for this theory have been explored. In this model
other forms of the nilpotent symmetry transformations like co-BRST and anti-co-BRST, which
leave the gauge-fixing part of the action invariant, have also been investigated. We have shown
that the nilpotent charges for these symmetry transformations satisfy the algebra of the de
Rham cohomological operators in the differential geometry. The Hodge decomposition theorem
on compact manifold has also been studied in the context of the conserved charges. Further the
theory for single self-dual chiral boson has been realized as a field theoretic model for the Hodge
theory.
In this thesis we have made an attempt to extend the FFBRST formulation by incorporating
it in different field theoretic models. We do believe that our formulation will find many more
new applications in future. In particular, it will be helpful in removing the discrepancy of the
anomalous dimension calculation for a gauge invariant operators [108]. Exploring our formula-
tion in the context of the different field theoretic models having spontaneous symmetry breaking
will also be very exciting.
Appendix A
Mathematical details of 2-form
gauge theories
A.1 FFBRST in Axial gauge
Under the FFBRST transformation with finite parameter given in Eq. (4.10), the path integral
measure for the generating functional in Eq. (4.6) transforms as∫
Dφ′ =
∫
Dφ J(κ), (A.1)
J(κ) can be replaced by eiS
A
1 if the condition in Eq. (2.9) satisfies. We start with an ansatz for
SA1 to connect the theory in Lorentz to axial gauge as
SA1 =
∫
d4x [ξ1βν∂µB
µν + ξ2βνηµB
µν + ξ3βνβ
ν + iξ4ρ˜ν∂µ(∂
µρν − ∂νρµ)
+ iξ5ρ˜νηµ(∂
µρν − ∂νρµ) + iξ6χχ˜+ iξ7χ˜∂µρ
µ + iξ8χ˜ηµρ
µ
+ ξ9σ˜∂µ∂
µσ + ξ10σ˜ηµ∂
µσ + ξ11∂µβ
µϕ+ ξ12ηµβ
µϕ
+ i ξ13χ∂µρ˜
µ + iξ14χηµρ˜
µ] (A.2)
where ξi(i = 1, 2, ..., 14) are explicit κ dependent parameters to be determined by using Eq.
(2.9). The infinitesimal change in Jacobian, using Eq. (2.13) with finite parameter in Eq.
(4.10), is calculated as
1
J
dJ
dκ
= −
∫
d4x [−iγ1βν(∂µB
µν − ηµB
µν) + γ1ρ˜ν∂µ(∂
µρν − ∂νρµ)
− γ1ρ˜νηµ(∂
µρν − ∂νρµ)− iγ2λ1βνβ
ν − γ1χ˜∂µρ
µ
+ γ1χ˜ηµρ
µ + γ2λ2χχ˜+ iγ1σ˜∂µ∂
µσ − iγ1σ˜ηµ∂
µσ
+ iγ1βµ(∂
µϕ+ ηµϕ)− γ1χ∂µρ˜
µ + γ1χηµρ˜
µ] . (A.3)
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The condition (2.9) will be satisfied iff∫
[Dφ] ei(Seff+S
A
1
)
[
iβν∂µB
µν(ξ′1 − γ1) + iβνηµB
µν(ξ′2 + γ1) + iβνβ
ν(ξ′3 − γ2λ1)
− ρ˜ν∂µ(∂
µρν − ∂νρµ)(ξ′4 − γ1)− ρ˜νηµ(∂
µρν − ∂νρµ)(ξ′5 + γ1)
− χχ˜(ξ′6 − γ2λ2)− χ˜∂µρ
µ(ξ′7 + γ1)− χ˜ηµρ
µ(ξ′8 − γ1) + iσ˜∂µ∂
µσ(ξ′9 + γ1)
+ σ˜ηµ∂
µσ(ξ′10 − γ1) + i∂µβ
µϕ(ξ′11 − γ1) + iηµβ
µϕ(ξ′12 + γ1)
− χ∂µρ˜
µ(ξ′13 + γ1)− χηµρ˜
µ(ξ′14 − γ1) + i∂µ(∂
µρν − ∂νρµ)Θ′b[βν(ξ4 − ξ1)]
+ iηµ(∂
µρν − ∂νρµ)Θ′b[βν(ξ5 − ξ2)]− i∂µ∂
µσΘ′b[χ˜(ξ7 − ξ9)]
− iηµ∂
µσΘ′b[χ˜(ξ8 − ξ10)]− i∂
µχΘ′b[βµ(ξ11 + ξ13)]
− iηµχΘ′b[βµ(ξ12 + ξ14)]
]
= 0 (A.4)
The contribution of antighost and ghost of antighost can possibly vanish by using the equa-
tions of motion of the ρ˜µ and σ˜. It will happen if the ratio of the coefficient of terms in the
above equation and the similar terms in SLeff + S
A
1 is identical [31]. This requires that
ξ′4 − γ1
ξ4 + 1
=
ξ′5 + γ1
ξ5
ξ′9 + γ1
ξ9 − 1
=
ξ′10 − γ1
ξ10
(A.5)
The Θ′ dependent terms can be converted into local terms by the equation of motion of different
fields. This can only work if the following conditions are satisfied
ξ4 − ξ1
ξ4 + 1
=
ξ5 − ξ2
ξ5
ξ7 − ξ9
ξ9 − 1
=
ξ8 − ξ10
ξ10
ξ11 + ξ13
ξ13 − 1
=
ξ12 + ξ14
ξ14
(A.6)
Further by comparing the coefficients of different terms iβν∂µB
µν , iβνηµB
µν , iβνβ
ν , ρ˜ν∂µ(∂
µρν−
∂νρµ), ρ˜νηµ(∂
µρν − ∂νρµ), χχ˜, χ˜∂µρ
µ, χ˜ηµρ
µ, iσ˜∂µ∂
µσ, iσ˜ηµ∂
µσ, i∂µβ
µϕ, iηµβ
µϕ, χ∂µρ˜
µ and
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χηµρ˜
µ in both sides of Eq. (A.4), we obtain the following conditions
ξ′1 − γ1 + γ1(ξ4 − ξ1) + γ1(ξ5 − ξ2) = 0
ξ′2 + γ1 − γ1(ξ4 − ξ1)− γ1(ξ5 − ξ2) = 0
ξ′3 − γ2λ1 + γ2λ1(ξ4 − ξ1) + γ2λ1(ξ5 − ξ2) = 0
ξ′4 − γ1 = 0
ξ′5 + γ1 = 0
ξ′6 − γ2λ2 − γ2λ2(ξ7 − ξ9)− γ2λ2(ξ8 − ξ10) = 0
ξ′7 + γ1 − γ1(ξ7 − ξ9)− γ1(ξ8 − ξ10) = 0
ξ′8 − γ1 + γ1(ξ7 − ξ9) + γ1(ξ8 − ξ10) = 0
ξ′9 + γ1 = 0
ξ′10 − γ1 = 0
ξ′11 − γ1 − γ1(ξ11 + ξ13)− γ1(ξ12 + ξ14) = 0
ξ′12 + γ1 + γ1(ξ11 + ξ13) + γ1(ξ12 + ξ14) = 0
ξ′13 + γ1 = 0
ξ′14 − γ1 = 0. (A.7)
A particular solution of the above differential equations subjected to the conditions in Eqs. (A.5)
and (A.6) with initial condition ξi(κ = 0) = 0 can be written as
ξ1 = −κ, ξ2 = κ, ξ3 = γ2λ1κ, ξ4 = −κ ξ5 = κ,
ξ6 = γ2λ2κ, ξ7 = κ, ξ8 = −κ ξ9 = κ, ξ10 = −κ
ξ11 = −κ, ξ12 = κ, ξ13 = κ, ξ14 = −κ, (A.8)
where we have chosen the arbitrary parameter γ1 = −1. Putting the values of ξi in Eq. (A.2)
we obtain SA1 at κ = 1 as
SA1 =
∫
d4x [−βν∂µB
µν + βνηµB
µν + γ2λ1βνβ
ν − iρ˜ν∂µ(∂
µρν − ∂νρµ)
+ iρ˜νηµ(∂
µρν − ∂νρµ) + iγ2λ2χχ˜+ iχ˜∂µρ
µ − iχ˜ηµρ
µ
+ σ˜∂µ∂
µσ − σ˜ηµ∂
µσ − ∂µβ
µϕ+ ηµβ
µϕ+ iχ∂µρ˜
µ − iχηµρ˜
µ] . (A.9)
A.2 FFBRST in Coulomb gauge
For the finite parameter given in Eq. (4.15) we make following ansatz for SC1
SC1 =
∫
d4x
[
ξ1βν∂µB
µν + ξ2βν∂iB
iν + ξ3βνβ
ν + iξ4ρ˜ν∂µ(∂
µρν − ∂νρµ)
+ iξ5ρ˜ν∂i(∂
iρν − ∂νρi) + iξ6χχ˜+ iξ7χ˜∂µρ
µ + iξ8χ˜∂iρ
i
+ ξ9σ˜∂µ∂
µσ + ξ10σ˜∂i∂
iσ + ξ11∂µβ
µϕ+ ξ12∂iβ
iϕ
+ iξ13χ∂µρ˜
µ + iξ14χ∂iρ˜
i
]
. (A.10)
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The infinitesimal change in Jacobian for Coulomb gauge is calculated as
1
J
dJ
dκ
= −
∫
d4x
[
−iγ1βν(∂µB
µν − ∂iB
iν) + γ1ρ˜ν∂µ(∂
µρν − ∂νρµ)
− γ1ρ˜ν∂i(∂
iρν − ∂νρi)− iγ2λ1βνβ
ν − γ1χ˜∂µρ
µ
+ γ1χ˜∂iρ
i + γ2λ2χχ˜+ iγ1σ˜∂µ∂
µσ − iγ1σ˜∂i∂
iσ
+ iγ1βµ∂
µϕ− iγ1βi∂
iϕ− γ1χ∂µρ˜
µ + γ1χ∂iρ˜
i
]
. (A.11)
The condition will be satisfied iff∫
[Dφ] ei(Seff+S
C
1
)
[
iβν∂µB
µν(ξ′1 − γ1) + iβν∂iB
iν(ξ′2 + γ1) + iβνβ
ν(ξ′3 − γ2λ1)
− ρ˜ν∂µ(∂
µρν − ∂νρµ)(ξ′4 − γ1)− ρ˜ν∂i(∂
iρν − ∂νρi)(ξ′5 + γ1)
− χχ˜(ξ′6 − γ2λ2)− χ˜∂µρ
µ(ξ′7 + γ1)− χ˜∂iρ
i(ξ′8 − γ1) + iσ˜∂µ∂
µσ(ξ′9 + γ1)
+ σ˜∂i∂
iσ(ξ′10 − γ1) + i∂µβ
µϕ(ξ′11 − γ1) + i∂iβ
iϕ(ξ′12 + γ1)
− χ∂µρ˜
µ(ξ′13 + γ1)− χ∂iρ˜
i(ξ′14 − γ1) + i∂µ(∂
µρν − ∂νρµ)Θ′b[βν(ξ4 − ξ1)]
+ i∂i(∂
iρν − ∂νρi)Θ′b[βν(ξ5 − ξ2)]− i∂µ∂
µσΘ′b[χ˜(ξ7 − ξ9)]
− i∂i∂
iσΘ′b[χ˜(ξ8 − ξ10)]− ∂
µχΘ′b[βµ(ξ11 + ξ13)]
− i∂iχΘ′b[βi(ξ12 + ξ14)]
]
= 0. (A.12)
Following the method exactly similar to Appendix A, we obtain the solution for the parameters
ξi which is exactly same as in Eq. (A.8).
Thus we obtain SC1 at κ = 1 as
SC1 =
∫
d4x
[
−βν∂µB
µν + βν∂iB
iν + γ2λ1βνβ
ν − iρ˜ν∂µ(∂
µρν − ∂νρµ)
+ iρ˜ν∂i(∂
iρν − ∂νρi) + iγ2λ2χχ˜+ iχ˜∂µρ
µ − iχ˜∂iρ
i
+ σ˜∂µ∂
µσ − σ˜∂i∂
iσ − ∂µβ
µϕ+ ∂iβ
iϕ+ iχ∂µρ˜
µ
− iχ∂iρ˜
i
]
. (A.13)
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